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We propose a minimax concave penalized multi-armed bandit algorithm under the generalized linear
model (G-MCP-Bandit) for decision-makers facing high-dimensional data in an online learning and decision-
making environment. We demonstrate that in the data-rich regime, the G-MCP-Bandit algorithm attains
a regret upper bound of (5(52 logdlogT), which attains the optimal cumulative regret in the sample size
dimension 7" and a tight bound in the covariate dimension d and the significant covariate dimension s, where
@() suppresses the logarithmic dependence on s. In the data-poor regime, the G-MCP-Bandit algorithm
maintains a tight regret upper bound of O(s?(logd + logT)logT). In addition, we develop a local linear
approximation method, the 2-step weighted Lasso procedure, to identify the Minimax Concave Penalty
(MCP) estimator for the G-MCP-Bandit algorithm under non-i.i.d. samples. Under this procedure, the MCP
estimator can match the oracle estimator with high probability and converge to the true parameters at the
optimal convergence rate. Finally, through experiments based on both synthetic and real datasets, we show
that the G-MCP-bandit algorithm outperforms other benchmarking algorithms in terms of cumulative regret
and that the benefits of the G-MCP-Bandit algorithm increase in the data’s sparsity level and the size of

the decision set.
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1. Introduction

Individual-level data has become increasingly accessible in the internet age, allowing decision-
makers in various industries, such as healthcare, retail, and advertising, to accumulate data at
an extraordinary speed. User-specific data, including demographics, geographic information, med-
ical records, and search/browsing history, are now widely available. This growing availability of
data offers decision-makers unprecedented opportunities to tailor decisions to individual users. For
instance, doctors can personalize treatments for patients based on their medical history, clinical
tests, and biomarkers; search engines can offer personalized advertisements based on users’ queries,

demographics, and geographic information.



These user-specific data are often collected sequentially over time, during which decision-makers
adaptively learn to predict the expected rewards based on users’ responses to each available decision
as a function of the user-specific data (i.e., the user’s covariates) and optimally adjust decisions to
maximize their rewards — an online learning and decision-making process, which requires a careful
balance between exploration and exploitation. Consider decision-makers who select decisions for
incoming users and obtains rewards based on users’ responses. To maximize their expected rewards,
decision-makers first need an accurate predictive model for users’ responses, typically uncertain
at the beginning but can be partially learned through collecting samples of users’ responses. On
the one hand, decision-makers could select a decision that yields the “highest”, based on their
best knowledge so far, expected reward (i.e., exploitation). Yet, this decision can be suboptimal,
as the selection is based on a potentially wrong prediction of users’ responses, misled by limited
samples. Even worse, decision-makers could incorrectly estimate the expected reward of the true
optimal decision to be low and never have a chance to correct such a mistake (as decision-makers
will not select the true optimal decision due to the current low reward prediction, they will not
generate additional samples to be able to learn and correct their incorrect estimation). On the other
hand, decision-makers can improve their predictive ability and learn users’ responses by collecting
more response samples, which often are obtained through costly random user experiments and/or
clinical trials (i.e., exploration). The exploration and exploitation dilemma has been extensively
studied in the multi-armed bandit model (Robbins 1952), but the growing dimensionality and data
availability have added another layer of complexity.

In practice, individual-level data are typically presented in a high-dimensional fashion, which
poses significant computational and statistical challenges. Traditional statistical methods, such
as Ordinary Least Squares (OLS), require a large number of samples (e.g., the sample size must
be larger than the covariate dimension) to be computationally feasible. Under high-dimensional
settings, learning accurate predictive models requires a substantial amount of samples, which are
obtained, if possible, through costly trials or experiments. Take the search advertising industry
for example. Search advertising occurs when an Internet user searches certain keyword(s) (i.e., a
query) in an online search engine, and then the search engine displays search results, in response to
the user’s query, and some sponsored ads, in response to the query and user-specific information.
To select the ad that maximizes its revenue, the search engine must have accurate estimations of
users’ clicking probabilities in response to the displayed ads — Click-Through Rate (CTR).

However, the search engine’s ability to accurately predict CTR is often crippled by the high-
dimensional data with limited samples. Counting more than three-quarters of a million distinct
words and their combinations (OxfordDictionaries 2018), there are nearly infinite possible queries

the user can submit to the search engine. For example, from 2003 to 2012, Google answered 450



billion unique queries, and it has been estimated that 16% to 20% of queries submitted every day
have never been used before (Mitchell 2012). Hence, to accurately estimate a single ad’s CTR
to these queries, the search engine requires billions, if not trillions, of samples. The craving for
samples will be further intensified if the search engine practices personalized advertising by taking
users’ individual information (such as demographics and geographic information) into considera-
tion. However, the available samples for the search engine to learn and predict CTR are greatly
limited. Consider a 45-day marketing campaign promoting a sales event or merchandise, during
which time an average ad is expected to reach approximately one-third of a million users (Word-
Stream 2017, Shewan 2017). Among these users, a very small portion can be selected to perform
costly experiments to learn CTR, so the size of samples is much smaller compared to the dimension
of queries and individual data.

In this paper, we propose the G-MCP-Bandit algorithm for online learning and decision-making
problems under high-dimensional settings. Our algorithm follows the ideas of the bandit model and
develops a e-decay random sampling method to balance the exploration-and-exploitation trade-off.
We allow decision-makers’ reward function to follow the generalized linear model (McCullagh and
Nelder 1989), which is a large class of models including the linear model, the logistic model, the
Poisson regression model, etc., and we develop the MCP estimator, which builds on the Minimax
Concave Penalized (MCP) method (Zhang 2010) and solved by a 2-step weighted Lasso (2sWL)
procedure, to improve the parameter estimations in high-dimensional settings.

Main Contribution:

1. We derive new oracle inequalities for the MCP estimator under non-i.i.d. samples. In particu-
lar, we show that the MCP estimator matches the oracle estimator with high probability and
converges to the true parameter with the optimal convergence rate. Since the bandit model
mixes the exploitation and exploration steps, samples generated under the exploitation steps
may be non-i.i.d.. Therefore, we adopt a matrix perturbation technique to derive new oracle
inequalities for the MCP estimator under non-i.i.d. samples. To the best of our knowledge,
this work is the first one that applies MCP to handle non-i.i.d. samples.

2. We prove that the G-MCP-Bandit algorithm improves the regret upper bound to
O (s?logdlogT) in the data-rich regime and O (s?(logd + log T)log T) in the data-poor regime.
Specifically, we show that in the data-rich regime, where T exceeds a time threshold that
depends on the magnitude of the signal for significant covariates, the cumulative regret of
the G-MCP-Bandit algorithm over T users is at most O(log7'), which improves the poly-
logarithmic bound from the Lasso-Bandit algorithm under high-dimensional setting (i.e.,
O(s*(logd +1logT)?) in Bastani and Bayati 2020) and also is the optimal/lowest theoretical
bound for all possible algorithms (Goldenshluger and Zeevi 2013). Further, we show that the



G-MCP-Bandit algorithm also attains a tight bound in the covariate dimension d and the
significant covariate dimension s, @(82 logd), in both data-poor and data-rich regimes.

3. Through both synthetic-data-based and real-data-based experiments, we demonstrate that
the G-MCP-Bandit algorithm performs favorably to other benchmarking algorithms. Through
two synthetic-data-based experiments, we benchmark the G-MCP-Bandit algorithm’s perfor-
mance to other state-of-the-art bandit algorithms designed both in low-dimensional settings
(i.e., OLS-Bandit by Goldenshluger and Zeevi 2013 and OFUL by Abbasi-Yadkori et al. 2011)
and in high-dimensional settings (i.e., Lasso-Bandit by Bastani and Bayati 2020). We observe
that the G-MCP-Bandit algorithm has the lowest cumulative regret. Furthermore, the benefits
of the G-MCP-Bandit algorithm over other benchmarking algorithms tend to increase with
the data’s sparsity level and the size of the decision set. Finally, we evaluate the G-MCP-
Bandit algorithm’s performance through a real-data-based experiment via the Tencent search
advertising dataset, where the technical assumptions specified for the theoretical analysis of
the G-MCP-Bandit algorithm’s expected cumulative regret may not hold. We observe that the
G-MCP-Bandit algorithm continues to perform favorably and that the choice of the underly-
ing reward model can significantly influence the G-MCP-Bandit algorithm’s performance. In
particular, under the logistic model, which is a special case of the generalized linear model,
the G-MCP-Bandit algorithm merely needs 20 user samples to outperform other benchmark-
ing algorithms. This observation suggests that understanding the context of the underlying
managerial problem and identifying the appropriate model for the G-MCP-Bandit algorithm

can be critical and bring decision-makers substantial revenue improvement.

2. Literature Review

This research is closely related to the exploration-exploitation trade-off in the multi-armed bandit
literature. Rigollet and Zeevi (2010), Slivkins (2014) follow the non-parametric approach and con-
sider that the arm reward can be any smooth non-parametric function. Under this approach, the
expected cumulative regret has an exponential dependence on the covariate dimension d, which
is undesirable under high-dimensional settings where d can be extremely large. Such exponen-
tial dependence can be improved by following the parametric approach. Auer (2002) proposes the
UCB algorithm for a linear bandit model, where the arm reward can be approximated by linear
combinations of covariates. Since Auer (2002), other UCB-type algorithms (e.g., Dani et al. 2008,
Rusmevichientong and Tsitsiklis 2010, Abbasi-Yadkori and Szepesvari 2012, Deshpande and Mon-
tanari 2012) and Bayesian-type algorithms (e.g., Agrawal and Goyal 2013, Russo and Van Roy
2014) have been proposed and shown to improve on the expected cumulative regret. Yet, allowing
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of the parameter vector estimation in the learning process may suffer. As a result, the expected
cumulative regret bound typically has a sublinear dependence on the sample size dimension T (e.g.,
O(VT)) and a polynomial dependence on the covariate dimension d. However, in high-dimensional
settings, where the covariate dimension and the sample size dimension can be exceedingly large,
these algorithms can perform poorly.

By introducing a forced sampling approach to the linear K-armed bandit model, Goldenshluger
and Zeevi (2013) ensure that enough i.i.d. samples are generated in their algorithm and show
that their proposed OLS-Bandit algorithm can achieve O(logT') dependence on the sample size
dimension 7" in low-dimensional settings. Following a similar approach, Bastani and Bayati (2020)
consider the high-dimensional setting and adopt the Lasso method to explore the sparsity struc-
ture in estimation. They propose the Lasso-Bandit algorithm, which attains a poly-logarithmic
dependence on the sample size dimension O(log®T') and the covariate dimension O (log®d) in high-
dimensional settings. In this paper, we allow the reward function to follow the generalized linear
model, which contains a wide family of models that includes the linear K-armed bandit model
in Goldenshluger and Zeevi (2013), Bastani and Bayati (2020). We develop a 2sWL procedure to
identify the unbiased MCP estimator and propose a e-decay random sampling method to hurdle
the high-dimensional data challenge. We show that in the data-rich regime, our proposed G-MCP-
Bandit algorithm achieves the optimal cumulative regret bound on the sample size dimension
O(logT) and attains a tight bound in the covariate dimension O(logd) in high-dimensional set-
tings. Recently, there has been a growing interest in the sparse linear bandit model. By adopting
sparse regularization, Bastani and Bayati (2020), Kim and Paik (2019), Ren and Zhou (2020),
Wang et al. (2020), Hao et al. (2020), Ariu et al. (2020) establish ploy-logarithmic dependence
bounds on d. Furthermore, conditioning on the minimum signal strength in the data-rich regime,
Hao et al. (2020), Ariu et al. (2020) also prove nearly optimal regret. Different from these two
papers, we consider the generalized linear model and prove that the G-MCP-Bandit algorithm
attains O(logT') bound for the data-rich regime. Instead of adopting a greedy algorithm, Wang
et al. (2020) propose a UCB-type algorithm for better numerical performance and use the best
subset selection, which requires a time-consuming combinatorial optimization procedure, to debias
and show that their algorithm reaches O(poly-log(d)v/T). By applying the matrix sketching tech-
niques (e.g., random projection and frequent directions), Yu et al. (2017), Carpentier and Munos
(2012), Kuzborskij et al. (2018) also break the polynomial dependence on d but may lead to a
linear regret on 1" due to the sketching distortion.

Our research is also related to the regret analysis for bandit problems that go beyond the clas-
sical linear model framework. Filippi et al. (2010) analyze the K-armed bandit problem under the

generalized linear model framework in low-dimensional settings. They point out that the confidence



regions under the generalized linear model pose more complicated geometry in the parameter space
than simple ellipsoids and highlight the technical difficulties in generalizing the linear bandit model
to the generalized linear framework. They propose a UCB-based bandit algorithm, GLM-UCB,
which attains a regret upper bound of O(dv/T). Li et al. (2017) further propose a UCB-GLM
algorithm and SupCB-GLM algorithm in low-dimensional settings, where the second algorithm
improves the regret bound to O(\/ﬁ ). Compared to this stream of literature that uses the gener-
alized linear model framework, our paper considers the high-dimensional settings and attains the
O(logdlogT) bound. In addition, some results of EXP-type algorithms can also be applied to the
generalized linear model. Yet, these algorithms (e.g., Auer et al. 2002, Beygelzimer et al. 2011,
Agarwal et al. 2014) typically obtain an O(v/dT') bound and can be expensive to run.

Our research is also connected to the statistical learning literature. In high-dimensional statis-
tics, Lasso type methods (Tibshirani 1996) have become the golden standard for high-dimensional
learning (Meinshausen et al. 2006, 2009, Zhang et al. 2008, Van de Geer et al. 2008). Yet, Lasso-
type regularizations may lead to estimation bias, and strong conditions are needed for analyzing its
theoretical performance guarantee (Fan et al. 2014a). Recently, Zhang (2010) proposed Minimax
Concave Penalty (MCP), a folded concave penalty function, which entails better statistical proper-
ties, such as the unbiasedness and a strong oracle property for high-dimensional sparse estimation,
and requires weaker conditions than Lasso (Zou 2006, Fan et al. 2014b, Meinshausen et al. 2006).
Although it is statistically favorable to adopt MCP, solving the MCP estimator (an NP-complete
problem) could be computationally challenging (Liu et al. 2017, 2016). Various approximation
methods have been developed in the literature. For example, Fan and Li (2001) use the local
quadratic approximation, Fan et al. (2014b, 2018), Zou (2006), Zhao et al. (2014) adopt the local
linear approximation, Zhang (2010) choose the path following algorithm, and Liu et al. (2017)
propose the second-order approximation. Liu et al. (2022) further extend the second-order approx-
imation to neural network settings. Our proposed solution procedure (the 2sWL procedure) is
analogous to the local linear approximation and guarantees that the solution has desirable statisti-
cal properties for theoretical analysis and can be efficiently solved. In the literature, the theoretical
analysis of MCP’s statistical properties relies on the assumption that all samples are i.i.d., which
is hardly the case under bandit models. This paper also contributes to the statistical learning

literature by deriving new oracle inequalities for MCP under non-i.i.d. samples.

3. Model Settings
We consider a sequential stochastic arrival process for t € {1,2,...,T}. At each time step ¢, a single
user, described by a high-dimensional feature covariate vector X, € R? where d is the number of

features, arrives, and the covariate vector is observable to decision-makers. The covariate vector



combines all available (but not necessarily valuable for decision-makers to base their decision on)
user-specific data, such as demographics, geographic information, browsing/shopping history, and
medical records. Users’ covariate vectors {X;};>1 are i.i.d. distributed according to an unknown
distribution Px.

Based on the user’s covariate vector X;, decision-makers will select a decision from a decision
set K ={1,2,..., K}, where K > 2, to maximize their expected reward. The user will respond to the
chosen decision k € IC, and such a response will generate a reward for decision-makers. Take search
advertising, for example. The search engine can recommend one of K different ads to the user;
the user can respond to the recommended ad by clicking, which generates revenue for the search
engine. We denote this reward under the chosen decision k at time ¢t as R ; € R, which follows the

generalized linear model (McCullagh and Nelder 1989):
Rk,t = M(Xjﬁitcme) + €, (1)

where X is the user’s covariate vector at time ¢, 3" € R? is the unknown time-independent
(i.e., By is independent on t) parameter vector corresponding to decision k € K, ¢, € R is an
independent sub-gaussian random variable, and p: R — R is a link function.

The generalized linear model covers a large class of models, including the linear model and the
logistic model. For example, by setting the link function u(X'8) = X '3, we have the classic
linear multi-armed bandit model, which has been extensively studied by Dani et al. (2008) and
Goldenshluger and Zeevi (2013), among others, under low-dimensional settings and by Bastani
and Bayati (2020) under high-dimensional settings. Furthermore, the generalized linear model
facilitates us to go beyond the classic linear bandit model, as the reward may take a nonlinear
form in practice. For instance, the search engine collects revenue only when a user has clicked
the recommended ad; otherwise, the search engine earns nothing — a nonlinear logistic model by
nature and belongs to the class of the generalized linear model. It is also worth noting that the
generalized linear model facilitates a separation between the link function and the sub-gaussian
random variable. Therefore, all our analysis and results do not require any detailed knowledge of
the reward density function (similar to Bastani and Bayati 2020) and merely need to access the link
function (e.g., u(X " 3) = X T3 for the linear bandit model and (X "3) = (1 +exp(—X "83))~*! for
the logistic model).

true

The parameter vector B;"¢ is high-dimensional with latent sparse structure, and we denote
S* = {j: Biric # 0} as the index set for significant covariates of decision k, where ;"' denotes
the j-th element in B{™°. Note that S* contains non-zero coefficient parameters and therefore is

important for decision-makers to predict the user’s response. This index set is also unknown to



decision-makers. We denote s = maxex |S¥|, where |S*| is the cardinality of S* (i.e., the number

of significant covariates), and is typically much smaller than the dimension of the covariate vector.

The decision-makers’ objective is to maximize their expected cumulative reward. Denote decision-

makers’ current policy as w = {m;}:>1, where m; € K is the decision prescribed by policy 7 at time

t. To benchmark the performance of policy =, we first introduce an oracle policy w* = {m}}i>1
true

under which decision-makers know the values of the true parameter vector 8, for all k € K and

chooses the best decision to maximize their expected reward for all ¢t > 1:
T} = arg max {Eet [Rk7t|XtTﬁ,Zr“e]} , (2)

where E., [Ry (| X, 8] = p(X, Bire), following the definition in (1), and the 7 is the optimal
decision that maximizes the expected reward given the true parameter vectors ;™ for all k€ K
and the covariate vector for the ¢t-th user X;.

Note that in practice, the parameter vector Bi™°, for k € K, is unknown to decision-makers,
and therefore the construction and definition of the oracle policy directly imply that decision-
makers’ reward under policy 7 is upper-bounded by that of the oracle policy. We, therefore, define

decision-makers’ expected cumulative regret up to time 7" under the policy =, R¢(T), as follows:

T
R (T) = Z Extaet [Rﬂf,t - Rﬂti]?
t=1

where R, ; and R;:, are the rewards at time ¢ under policy 7 and 7", respectively. The expected
cumulative regret is defined as the expected cumulative reward difference between the optimal
policy * and decision-makers’ alternative policy 7. To maximize their expected cumulative reward,
decision-makers are equivalent to exploring the policy 7 that minimizes the cumulative regret up
to time T

As the true model parameter vector 8;™°, for k € IC, is unknown to decision-makers, we will
use the maximum likelihood estimation (MLE) to learn the model parameters. Given observed
X4, ..., X, and corresponding rewards R, ..., R,, we define the negative log-likelihood loss function

L(3) as follows:

n

£B)= 3 F(RIX]B)

i=1
where f(R;]X,'3) is the sample-wise loss function, n is the sample size. For example, given the
|l B—r;||? for the lin-
ear bandit model and f(r;|z; 8) = —1(r; = 1) log(exp(z] 3)/(1 +exp(z; B))) — L(r; = 0)log(1/(1+
exp(x; 3))) for the logistic model with binary r; € {0,1}.

observed covariate vector x; and the corresponding reward r;, f(r;|z] 3) =



Before presenting the proposed G-MCP-Bandit algorithm, we will first state five technical
assumptions necessary for the theoretical analysis of decision-makers’ expected cumulative regret.
The first three assumptions are adopted directly from the multi-armed bandit literature, and the
last two assumptions are from the high-dimensional statistics literature. Note that both ¢; and X,
are i.i.d. with respect to t, so we omit the subscript ¢ in [E., and Ex, hereafter for brevity.

A. 1 (Parameter set) There exist positive constants Zax, Rmax, and b such that for any ¢ > 1
and k € K, we have ||Z¢]|co < Zmax, ||B|lee <0 for all feasible 3, and E [Ry |z, 8] = u(x, Byv°) €
(0, Riay] for all realization x; of X.

The first assumption is a standard assumption in the bandit literature (Rusmevichientong and
Tsitsiklis 2010) and ensures that the covariate vector, the estimated/true coefficient vector, and the
expected reward are bounded so that the maximum regret at every time step will also be bounded
to avoid trivial decisions. Most real-world applications, including the real-data experiment in §6.2,
satisfy this assumption.

A. 2 (Margin condition) There exists a C'> 0 such that P(|E.[R; | X, B8] — E.[R;.| X, 8] <
V) < CRpaxy forally >0,t>1,i# 5, and 7,5 € K.

The second assumption is first introduced in the classification literature by Tsybakov et al.
(2004). Goldenshluger and Zeevi (2013) and Bastani and Bayati (2020) adopt this assumption to
the linear bandit model, under which the Margin condition ensures only a fraction of covariates can
be drawn near the boundary hyperplane X, (8" — 35°) = 0 in which rewards for both arms are
nearly equal for all i # j. Clearly, if a large proportion of covariates are drawn from the vicinity of
the boundary hyperplane, then for any bandit algorithm, a small estimation error in the decision
parameter vectors may lead decision-makers to choose the suboptimal decision and perform poorly
(Bastani and Bayati 2020). Therefore, this margin condition ensures that given a user’s covariate
vector, decisions can be properly separated and ordered based on rewards.

A. 3 (Arm optimality) There exists a partition Ky and /C, for decision set K such that for some
h >0, (a) if ky € Ky, then Ec[Ry, ¢|a) 8] + h < maxgsp, ke Be[ Ry |, B1*] for all realization
x; of Xy, t > 1; and (b) if ko € KC,, then there exists a positive constant p* such that for ¢ > 1,
miny,ex, P(X; € Uy,) > p*, where Uy, = {x: B[Ry, 2" B1] > maxy s, kex B[Ry |2 8] + h}.

The arm optimality condition (Goldenshluger and Zeevi 2013, Bastani and Bayati 2020) ensures
that as the sample size increases, the parameter vectors for optimal decisions can eventually be
learned. In particular, this condition separates decisions into an optimal decision subset I, and a
suboptimal decision subset K,. Decision ¢ in X, is strictly optimal for some users’ covariate vectors
(denoted by set U,); yet, decision j in I, must be strictly suboptimal for all users’ covariate vectors.
Therefore, even if there is a small estimation error for decision 7 in IC,, decision-makers will be

more likely to choose decision i for a user with a covariate vector drawn from the set U;.
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These first three assumptions are directly adopted from the multi-armed bandit literature and
have been shown to be satisfied for all discrete distributions with finite support and a very large class
of continuous distributions (see Bastani and Bayati 2020 for detailed examples and discussions).
A. 4 (Sample-wise loss function) Let 7 € [0, Ryax] and |y| < maxb. We assume (i) f(r|y) is convex
and has smooth gradient in y, and (ii) there exists positive constants o and o, such that | fz/; (rly)| <o
and f;;(r\y) < 04, where f;(r\y) and f;;l(r|y) are the first and second order partial derivatives of
f(rly) with respect to the second augment y. Moreover, f;(Rk,t’thﬁ,?“e) is a zero mean o?-sub-
gaussian random variable for all k€ IC, t > 1, and any realization x; of X,.

The sample-wise loss function assumption enables us to use the estimated parameters to statis-
tically infer the true parameters. It is a fairly weak technical assumption and shares the same spirit
as the log-concavity assumption widely discussed in the literature (Bagnoli and Bergstrom 2005,
Boyd et al. 2004). For example, in the linear bandit model, f;(r|y) =y—r and f;y(r|y) =1; in the
logistic model, f,(rly) = —1(r=1) +exp(y)/(1+exp(y)) and f},(rly) = exp(y)/(1+exp(y))?.

A. 5 (Restricted eigenvalue condition) There exists a x> 0 such that for all feasible 3 satisfying
18]l < b and w € R? with |Jugskye|l; < 3|lusk |, we have =|ugt|? < uTE. x|f,,(RIXTB) XX |u
for k € K, and %[|ugk||? < uTE. x|xev, [f,,(RIXTB)X X T]u for k € K,.

The restricted eigenvalue condition assumption is a standard assumption in high-dimensional
statistics and is necessary for the identifiability and consistency of high-dimensional estimators
(Fan et al. 2018, 2014b). This assumption considers the local geometry of the standard loss function
for the generalized linear model (e.g., Negahban et al. 2009, Li et al. 2017, Oh et al. 2021) with i.i.d.
samples in Uy. To intuit, note that under low-dimensional settings, the literature (Montgomery
et al. 2012) requires that £(3) is strongly convex around the true parameter vector "¢ (e.g., the
Hessian matrix in OLS estimator is positive-definite and invertible) in order to achieve identifia-
bility of the parameter vector. However, the strong convexity assumption is typically violated in
high-dimensional settings, as the sample size can be much smaller than the covariate dimension.
Therefore, a weaker condition is adopted: The £(3) exhibits local strongly convex behavior only in
some restricted subspace of w. In high-dimensional linear models, the restricted eigenvalue condi-
tion assumption is analogous to the compatibility condition (Bastani and Bayati 2020, Biithlmann
and Van De Geer 2011), restrict strongly convexity condition (Negahban et al. 2009, Loh and
Wainwright 2013), and sparse eigenvalue condition (Zhang et al. 2012, Fan et al. 2018).

It is worth-noting that most common sub-Gaussian distributions satisfies the restricted eigen-
value condition assumption. Specifically, in the linear model case, where f;’ (R|X TB8) =1, the
restricted eigenvalue condition reduces to Assumption 4 in Bastani and Bayati (2020) so that
common distributions (e.g., Bernoulli distribution, uniform distribution, truncated Gaussian dis-

tribution, etc.) or discrete distribution with finite support will satisfy this assumption (see the end
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of §3 in Bastani and Bayati 2020 for detailed discussions). When going beyond the linear model,
one sufficient condition, to ensure that the restricted eigenvalue condition continues to hold under
the distributions mentioned earlier, is that the second derivative of the sample-wise loss function is

positive (i.e., f; (R|XTB3)>0). One example that satisfies this sufficient condition is the logistic

exp(—X ' B) exp(Zmaxb)
(1+exp(—XTﬁ))2 — (1+cxp(zmaxb)2

Finally, we will follow Bastani and Bayati (2020) to present specific examples that satisfy all five

regression where we have f/ (R|X'8) = > 0.

assumptions. In the first example, we start with a modified version of the “Discrete Covariates”
example in Bastani and Bayati (2020): Let the underlying true parameter vectors for covariates
to be arbitrarily set to be gj™¢=(1,0,0,0,...), 85" =(0,1,0,0,...), and B5™(1/4,1/4,0,0,...); for
each incoming user, we randomly draw a covariate vector from the d-dimensional unit cube [0, 1]%;
rewards of arm ¢ are sampled from Bernoulli distributions with success probability %
for user X. As discussed by the end of §3 in Bastani and Bayati (2020), Assumptions A.1 - A.3
are satisfied; as the logistic regression function (associated with the MLE of Bernoulli distribution)
is strongly convex in the bounded domain, Assumption A.4 is satisfied; based on the previous
analysis of the restricted eigenvalue conditions, Assumption A.5 is also satisfied. In the second
example, following the “Generic Example” in Bastani and Bayati (2020), we describe the corre-
sponding generic example that satisfies all assumptions in our paper: The problem is in a bounded
domain, and both continuous and discrete values are allowed (Assumption A.1l) with strongly
convex loss functions (Assumption A.4); for a given user’s covariate, the rewards of different arms
are likely to be properly separated (Assumption A.2); each arm is either optimal for some users or
strictly suboptimal for all users (Assumption A.3). Therefore, in practical applications, the afore-
mentioned distributions (e.g., Bernoulli, uniform, and truncated Gaussian distributions) together
with commonly used loss functions (e.g., the least squares and the logistic regressions) will satisfy

all five assumptions.

4. G-MCP-Bandit Algorithm

One of the major challenges for online learning and decision-making problems is discovering the
underlying sparse data structure and estimating the parameter vector for high-dimensional data
with limited samples. Lasso (Tibshirani 1996) has been proposed as an efficient statistical learning
method and adopted in the multi-armed bandit literature (Bastani and Bayati 2020) to hurdle
this challenge. However, the standard single-step Lasso estimator can be biased and performs
inadequately, especially when the magnitude of true parameters is not too small (Fan and Li 2001).
One way to address this bias issue is to use multi-step variants of the Lasso (e.g., adaptive Lasso in
Zou 2006 or relaxed Lasso in Meinshausen 2007), and in this paper, we propose a new multi-step
Lasso-based method that builds on the novel convex MCP penalty function (Zhang 2010) and
solved by a 2-step weighted Lasso procedure.
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4.1. Parameter Vector Estimation

For notation convenience, we will omit parameters’ subscripts corresponding to the choice of arms
and time index (i.e., omit the subscript k and ¢), as long as doing so will not cause any misinterpre-
tation. Consider an oracle estimator for an arbitrary arm, 3°2<®, which is the parameter estimator
when decision-makers have perfect knowledge of the index set for significant covariates S. In other

words, the oracle estimator can be determined by setting 5; =0 for j € §¢ and solving

Borele( X R) = argﬁmigo L(B), (3)
Bs

where X = [X1, X5, ..., X,,] € R¥" is the matrix contains n row user covariates and R =
[R1, R, ..., R,] € R™ stores the corresponding rewards.

When solving for the oracle estimator, decision-makers can ignore all insignificant covariates by
forcing their corresponding coefficients to be zero and essentially reduce the high-dimensional prob-
lem to a low-dimensional counterpart. In the classical statistical analysis, the literature primarily
focuses on analyzing the statistical behavior of the problem (3) when all samples are i.i.d. drawn
from a given distribution. In online learning and decision-making settings, however, future samples
could depend on historical data through the parameter estimation of the decision model, whose
process suggests that a large portion of the samples could be non-i.i.d.. Hence, in this paper, we
will use A to denote the sample set that contains only i.i.d. samples out of the whole sample set.
Further, we use n and |A| to represent the sample size of whole samples and the sample size of
i.i.d. samples, respectively. Clearly, n > |A|. Now, we present the result for the oracle estimator

with partial i.i.d. samples in the following lemma.

LEMMA 1. Let n be the size of the whole samples, B¢ be the underlying true parameters, and
|A| be the size of i.i.d. samples with X € R for k € K, and X € Uy, for k € K,. Under assumptions
A.1, A4, and A.5, when |A| > Cy'logs, the following inequality for the oracle estimator holds for

any ¢ >0
oracle _ Qtrue 2nSC .
P (17— g < ) 2 1= AL ) (@)
where
) n¢?
d1(n, |A], ) =2sexp —m + exp(—C1|AJ) (5)

and Cy = O(s™?), where the detailed expression of C, is given in (EC.125) in the Appendiz.

Lemma 1 considers the scenario in which the sample set is mixed with i.i.d. samples and non-i.i.d.

samples. If we set ( = O(y/1/n), then the convergence rate for the oracle estimator is on the order
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O(s \/W) Hence, when the number of i.i.d. samples is on the same order as the total sample
size (i.e., |A| = O(n)), the oracle estimator will match the optimal convergence rate of O(s/1/n)
commonly stated in the literature (Fan et al. 2018, Zhao et al. 2018).

However, the significant covariates index set § is typically unknown to decision-makers in prac-
tice, so we are not able to directly apply Eq. (3) to obtain the oracle estimator. In this research, we
propose to use the MCP penalty (Zhang 2010) to recover this latent sparse structure and estimate
the unknown parameter vector. To better understand the rationale behind the MCP penalty, we

start with the following weighted Lasso estimator:
d
W X? R7 = i £ i|M ’ 6
BY(X, R,w) argngn{ <ﬂ>+;wrﬁ|} (6)

where w = (wy,wy, ...,wy) is a non-negative weights vector chosen by decision-makers. Note that
when we set w; = A for all 4, 3Y(X, R, w) reduces to the Lasso estimator, which can be biased
when the magnitude of true parameters is not too small. To recover the sparse structure and
provide an unbiased parameter estimator, an ideal way to select {w;} is to set w; = A > 0 for all
1€ S° and w; =0 for all j € S. By doing so, when the weight A is large enough, the weighted
Lasso estimator converges to the oracle estimator 3°*'*( X, R). The benefits of the weighted Lasso
method have attracted considerable attention recently, and various mechanisms have been proposed
in the literature aiming to improve the weight selection process (Zou 2006, Huang et al. 2008,
Candes et al. 2008). The MCP method, adopted in our paper, reflects such a process.
In particular, we define the following MCP penalty function:

Pya(z) = /O . <0, A it) dt, (7)

where a and A are positive parameters selected by decision-makers. The MCP estimator can be

presented as follows:
d
BMP (X, R, ), a) iargmﬁin{ﬁ(,@)+ZPA7a(ﬁi)} ) (8)
=1

Denote the index set for non-zero coefficients solutions in Equation (8) as J = {j : }'" # 0}.
If we have |ﬁJMCP\ > aA for all j € J, then based on the definition of P, ,(x), we can verify that
Py o(B}'°F) = 3a)? for j € J. Similarly, for all j ¢ J, we have Py ,(8)°") =0. In other words, the
statistical performance of solving the MCP estimator is equivalent to solving the following problem:
ming .—o,8, L(B). Hence, if 7 =S8, then the MCP estimator converges to the oracle estimator.

Solving the MCP estimator can be challenging. Liu et al. (2017) have shown that it is an
NP-complete problem to find the MCP estimator by globally solving Equation (8). In the next
subsection, we propose a local linear approximation method, the 2-step Weighted Lasso (2sWL)
procedure, to tackle this challenge and demonstrate that the estimator solved by the 2sWL proce-
dure will match the oracle estimator 3°'#!® with high probability.
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4.2. 2-Step Weighted Lasso Procedure

The 2sWL procedure consists of two steps. We first solve a Lasso problem by setting all positive
weights in Equation (6) to a given parameter A. Then, we use the Lasso estimator obtained in the
first step to update the weights vector w by taking the first-order derivatives of the MCP penalty
function, and by applying this updated weight vector, we re-solve the weighted Lasso problem
in Equation (6) to obtain the MCP estimator. Let 1 be the vector filled with 1, and the 2sWL

procedure at time t can be outlined as follows:

2-Step Weighted Lasso (2sWL) Procedure:
Require: input parameters a, A and dataset {X, R}
Step 1: solve the standard Lasso problem

/81 = IBW(X_’ Ra >‘1)

P, \(1B1;])  for Bi;#0

A for 5,,;,=0

and solve the weighted Lasso Problem
,BMCP :,BW(XvRa’w)

Next, we will use the following proposition to show that the MCP estimator identified by the

Step 2: update w; =

2sWL procedure can recover the oracle estimator with high probability. We denote a new index set

24ns
- ., prue> -
si={islp = (S va) a s}, )

which is a subset of the index set for significant covariates S. To simplify the notation and pre-

sentation, let’s consider a special case where all samples in the whole sample set are i.i.d. (i.e.,

n=|A|) and postpone the proof of the general case where n > |.A| to Proposition 3 in §5.1.

PROPOSITION 1. Under assumptions A.1, A.4, and A.5, whenn = |A|, if |A| > C'logd and a >
4%5, then for ¢ >0, the MCP estimator solved by the 2sWL procedure BMCY satisfies the following

nequality
P (IIﬁMCP gl < 10, 1000 A) > 1= 81(n,n.) = da(n,m. ), (10)
where
da(n, |Al,\) = 4d exp <—2UZL;\;M- (;_m)2> , (11)
U~ T e 0.1 02
S s I

C is the same as defined in Lemma 1, S/S) ={i:i€S and i ¢ S1}, and pfS =0 if S/, is a
empty set.

Note that in step 1 of the 2sWL procedure, we solve the Lasso problem, and according to the

Lemma EC.2 in the E-Companion, the estimator 3; will converge to 8" at a rate of % with
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high probability. Therefore, if |8{™¢| > (2 + a)A, then we immediately have |3, ;| > a), leading
to w; = P, ,(|81,:]) = 0, which means that the step 2 of the 2sWL procedure will not penalize the
coefficient for dimension ¢ and, therefore, remove the bias issue in the [; penalty. In addition, we
quantify the influence of the S; set on the convergence rate by the pg%lz term. Because &7 is a
subset of S, the pg/l/%? term decreases as the S; set contains more elements, which improves the
convergence performance of the MCP estimator solved by the 2sWL procedure.

Compared to the oracle estimator 3°2°'® in Lemma 1, the probability bound on the MCP esti-
mator under the 2sWL procedure has an extra term d5(n,n,A), which depends on the covariate
dimension d and the i.i.d. sample size n. Note that as the sample size increases, the extra term
decreases to 0 at an exponential rate. In other words, as the sample size increases, MY and the
oracle solution enjoy the same order of the optimal convergence rate with high probability.

REMARK 1. Proposition 1 also suggests that as long as the S; set is non-empty, then the MCP
estimator solved by the 2sWL procedure enjoys better convergence properties than the Lasso

8416933,

estimator. In particular, by setting ¢ = 3\, we can show that M has s\ convergence

rate. In Lemma EC.2 in the E-Companion, we show that the Lasso estimator has 2—;3)\ convergence
rate. In fact, since the Lasso problem is corresponding to the case with w; = A in the 2sWL
procedure, we can view it as a special case of the MCP estimator for S; = (), under which p},\s/l/%lj =1
and both estimators have the same convergence. Therefore, as long as not all g{™¢ for i € {1,2,...,d}
are very small, then we will have S, # ), which means pyJ’ <1, so that the MCP estimator
has better convergence property than the Lasso estimator. In practice, it is common to set A\ =
O/ % , so when the sample size n is large enough, S; will be nonempty (i.e., pg{/%ﬁ <1).

It is worth mentioning that if the set S; includes all significant covariates (i.e., S =§), the term
psra will be 0 and the MCP estimator will attain the same order of the convergence rate as the

oracle estimator. The following corollary states the MCP estimator’s oracle property’.

COROLLARY 1. Let assumptions in Proposition 1 hold, if S, =S, then both BMCY and B°racle
converge to B¢ on the order of O(sC) with probability 1 — 6;(n,n, () —dz2(n,n, \), where §;(n,n, )
and d3(n,n,A) are defined in (5) and (11) respectively.

4.3. e-decay Random Sampling Method

As bandit models involve exploitation and exploration, samples generated under exploitation typ-
ically are non-i.i.d.. These non-i.i.d. samples pose analytical challenges to the existing MCP lit-
erature that relies on the assumption that all samples are i.i.d. to establish the convergence rate.
Hence, to ensure desired performance of the MCP estimator, we need to secure that at least some

In §5.3, we will show that under the G-MCP-Bandit Algorithm described in §4.4, the condition S; = S will be
satisfied for a large T value.
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samples generated in the online learning and decision-making process are i.i.d. (see §5.1 for detailed
reasons). In this research, we propose a e-decay random sampling method, in which decision-makers
draw random samples, with decreasing probability, by randomly selecting decisions from the deci-
sion set with equal probability. In particular, the e-decay random sampling method can be described
as follows:

e-decay Random Sampling Method: At time t, with probability min{1,¢,/t}, where t, is a pre-
determined positive constant, decision-makers will randomly select a decision from their decision set
with equal probability. Otherwise, decision-makers will follow a bi-level decision structure, which
will be specified later, to determine the optimal decision to maximize their expected reward.

The e-decay random sampling method can balance the exploitation and exploration trade-off
by ensuring that decision-makers do not explore too much to significantly sacrifice their revenue
performance (as the probability of drawing a random sample decays in time) but will secure
sufficient random samples to guarantee the quality of the parameter vector estimation. In particular,

we can bound the random sample size in the following proposition.

PROPOSITION 2. Let Cy > 20, ty = 2C|K|, and T > to. Under the e-decay random sampling

method, the random sample size ny for arm k € IC up to time T is bounded by

Co(1+1log(T +1) —log(to + 1)) < ng < 3Co(1 +1log(T) —log(to))

with probability at least 1 — 6o(T,ty), where

2(to +1)
0o(T,ty) = ——. 13
0( ) 0) 64(T+1)4 ( )
4.4. G-MCP-Bandit Algorithm
After establishing the MCP estimator’s statistical property and the e-decay random sampling

method, we are ready to present the proposed G-MCP-Bandit algorithm. The execution of the

G-MCP-Bandit algorithm can be summarized as follows:
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G-MCP-Bandit Algorithm
Require: Input parameters %o, h,a, A1, A2 0.
Initialize Bfndom = gyhole = 0, and Ry, and W, being empty sets for all k € K.
Fort=1,2,.... do
Observe x;.
Draw a binary random variable D;, where D; =1 with probability min{1,¢,/t}.
If D, =1
Assign 7, a random decision k € K with probability P(7, = k) =1/|K|.
Play decision m; and observe r;.
Update R, =R, U{(xs, )} and Wy, =W, U{(x,74)}.
Else
Construct the optimal decision set:
IL = {i: B [R|x] Bi*"4™] > max;ex B[R, |2 Bi4m] — Lh, i € K}
Set m, = arg maxyen, E [Ri|x, B
Play decision m;, observe 7, and update Wy, = W,, U{(¢,7.)}.
End If

For k€K, set Aps = Azoy/ 5452 update Bpom and By via the 25WL

procedure with (a, A1, Rr,) and (a, A2 ¢, Wy, ), respectively.
End for

Specifically, decision-makers will start by assigning values for system parameters (¢, h,a, \;, and
A2,0), which can be optimized through tuning, and initialing parameter vector estimators (3;*ndom
and B7"°'°) and sample datasets (Rj and W, which represent the random sample set and the
whole sample set) for all arm &k € K. Then, for an incoming user at time ¢, decision-makers will
draw a binary random variable D; with probability min{1,¢y/t}. There are two possibilities:

e If D, =1, then they will randomly choose a decision k from their decision set K with equal
probability of 1/|K|; then, they will implement the chosen decision (i.e., m = k), observe the
user’s response, and claim the corresponding reward; finally, decision-makers will include the user’s
covariate vector and the corresponding reward {(x;,r;)} in both sample datasets, R,, and W,,.

e If D, =0, then they will use a bi-level decision structure to determine their decision. In the
upper-level decision-making process, decision-makers will first construct an optimal decision set
II;. Specifically, all decisions in the optimal decision set II; are estimated, based on the random
sample MCP estimator 8™7d°m to yield expected rewards within h/2 of the maximum possible
reward. If there is only one decision in the optimal decision set II;, then decision-makers will
implement this decision as the optimal decision; otherwise, decision-makers will perform the lower-
level decision-making process, in which decision-makers will estimate, by using the whole sample
MCP estimator @%'°'° the rewards for all decisions in the optimal decision set II, and select
the decision that generates the highest expected reward. Then, observing the user’s response and
collecting the corresponding reward, decision-makers will only update the whole sample dataset

Wi, by appending the user’s covariate vector and the corresponding reward {(x;,7:)}.
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Finally, decision-makers will update parameter A;;, and then use the 2sWL procedure to update
the random sample parameter vector estimator B3"4°m and the whole sample parameter vector
estimator 3""!° based on sample data sets R,, and W,,, respectively.

The expected cumulative regret upper bound for the G-MCP-Bandit algorithm can be established

in the following theorem.

THEOREM 1. Under assumptions A.1-A.5, let to = 2Co|K|, a > 2222 X\, = O(s71), and Ay =
PR '

O(1), where detailed expressions of A1 and \ao are given in (EC.36) and (EC.62), respectively.

The cumulative regret upper bounds for the G-MCP-Bandit algorithm up to time T are given as
follows:

RO(T) < Runax| K| [(3C0 + C3)log T + (7+2C4) Ty + C5log” T] = O(s*(log d+log T) log T), T <T
T | Rl K| [(3C0 + C5 + C5) 1og T + (7 +2C4) Ty + Cs log” Ty | = O(s? log dlog T), T>T,

where Ty = O(s*logd) by (EC.60) and (EC.78), Ty = O(B.2 - s*logd), Cy = O(s*logd), Cs <

O((1 + pmax)?s?logd), Cy = O(1), and Cs = O(s?) are defined in (EC.61), (EC.35), (EC.112),
(EC.114), and (EC.115), respectively,

_ whole
Pmax =, WX PGS (14)
Bmin:‘ min ’/8};1:;-16” (15)
€Sk kek
Sy, is the index set Sy of arm k at time t, szc/)};k defined in (12), and we use O(-) to suppress the
, 1,t

logarithmic dependence on s.

Theorem 1 shows that the expected cumulative regret of the G-MCP-Bandit algorithm over
T users is upper-bounded by O(logT) in the data-rich regime (i.e., T'> T}). Goldenshluger and
Zeevi (2013) have shown that under low-dimensional settings, the expected cumulative regret for a
linear bandit model is lower-bounded by O(logT"), which is directly applicable to high-dimensional
settings. Further, note that the linear model is a special case of the generalized linear model.
Therefore, the expected cumulative regret of the G-MCP-Bandit algorithm is also lower-bounded by
O(logT). In other words, the G-MCP-Bandit algorithm achieves the optimal expected cumulative
regret in the sample size dimension.

The optimal O(logT) order represents an improvement from Lasso-Bandit’s O(log®T) regret
upper bound. To explain this improvement, first note that by design, at each time step, the G-MCP-
Bandit algorithm will update the penalty term for the MCP estimator A;; to be A4/ %.
Such a decrease of the penalty term helps round down significant covariates with small coefficients
to infer the true support of 8"". As time increases, A, ; will eventually decay below a threshold that

is proportional to the S,;, value so that the S; set in Proposition 1 becomes {i: |3{"*°| > Bnin} =S
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for all arms, which happens in the data-rich regime (i.e., T'> T} ). Therefore, in the data-rich regime,
the MCP estimator will enjoy the same order of the convergence rate as the oracle solution (see
Corollary 1) and will be independent on Ay ;.

In addition, in the data-rich regime, Theorem 1 also demonstrates that the cumulative regret
of the G-MCP-Bandit algorithm in the high-dimensional covariate vector d is upper-bounded by
O(logd). This bound presents a significant improvement over other classic bandit algorithms (Gold-
enshluger and Zeevi 2013, Abbasi-Yadkori and Szepesvari 2012, Dani et al. 2008), which yield
polynomial dependence on d, and is also a tighter bound than the Lasso-type algorithm (i.e.,
O(log” d) in Bastani and Bayati 2020). It is worth noting that compared to Lasso-Bandit, the G-
MCP-Bandit algorithm improves the regret bound from O(s*(logd + logT)?) to O(s*logdlogT).
This improvement is of particular importance in high-dimensional settings, where the covariate
dimension can be extremely large, and it suggests that the G-MCP-Bandit algorithm can bring
substantial regret reduction compared to existing bandit algorithms (e.g., see §6).

In the data-poor regime (i.e., T'<T}), the regret upper bound of the G-MCP-Bandit algorithm
on T will worsen to O(s*(logd+logT)logT'), which has better dependence on d but shares the same
order on T as Lasso-Bandit. Yet, note that C5 depends on pn.c = max  p¥hele and recall

To<t<Ty,keK, S*/St.’
that Remark 1 demonstrates that for non-empty index Sf,, we have p¥%, <1, which suggests

Sk Sk
that the G-MCP-Bandit algorithm has a tighter bound on T" than Lasso—b;Ii,c;it in the constant C3
and performs better under the data-poor regime as well.

REMARK 2. The value of 17 depends on the magnitude of the signal for significant covariates
Bmin. The B, is often referred to as the minimal signal for the non-zero component of 3%, and
in the high-dimensional bandit literature (e.g., Hao et al. 2020, Ariu et al. 2020), the S, value
are often used to generate a time-threshold such that once the sample size T’ passes such a time-
threshold, the regret upper bound can be improved in the data-rich regime. This is because for a
very small B, value, it will be prohibitively difficult to distinguish all significant covariates away
from 0, so we will need more samples to correct the bias from the penalized estimation, which
means that the G-MCP-Bandit algorithm has to stay longer in the data-poor regime (i.e., T' < T})
with suboptimal regret of O(s%(logd+logT)logT). Yet, it is worth noting that the G-MCP-Bandit
algorithm doesn’t require the knowledge of the B, value as an input parameter, and the regret
upper bound will eventually switch to @(82 log dlogT') automatically in the data-rich regime (i.e.,

T >T)) as more samples are collected.

4.5. Computational Complexity
The average computational cost for the G-MCP-Bandit algorithm can be shown in the following

theorem.
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THEOREM 2. Let € >0 be an optimization tolerance constant. Under assumptions A.1 and A.5,
the average computation cost of the G-MCP-Bandit Algorithm by time T will be upper bounded by
O(Zmaxb®er? - |[K|d*T). Moreover, for a large T, the average computation cost can be improved to

O(Zmaxh - |[K|d*T) with high probability.

The G-MCP-Bandit algorithm’s worst-case average computational cost is on the order of
O(Tmaxb®e'/? - |K|d*T), when a basic accelerated gradient descent method (e.g., the FISTA method
in Beck and Teboulle 2009) is used as the optimization scheme. The primary computational cost
of the G-MCP-Bandit algorithm is from updating/solving model parameter 3 via the 2sWL pro-
cedure for each arm at every time step: the |K| dependence is because we require to update every
arm at every time step, Zya,bd part comes from the Lipschitz constant of the loss function £(3),
the remaining b%d? stems from the distance between the initial solution and the optimal solution,
and the T'd part describes the cost of evaluating the full gradient of £(3). The improvement in
the long-run regime is mainly from the warm start in the 2sWL procedure. From Proposition 6
and Lemma EC.2 in E-Companion, if time 7" is large enough (e.g., T > max{T}, O(s*¢/?)}), then
with high probability, BMCY differs from B{™¢ at a rate lower than /4. Therefore, if we use BM°P
as the initial solution in the 2sWL procedure, then it will be very efficient to identify the optimal
solution, which suggests that the average computational cost of the G-MCP-Bandit algorithm can

be improved to O(Zyaxb - [K|d*T).

5. Key Steps of Regret Analysis for the G-MCP-Bandit Algorithm

In this section, we provide abridged technical proofs for Theorem 1, the main theorem in this
paper. Specifically, we briefly lay out four key steps in establishing the expected cumulative regret
upper bound for the G-MCP-Bandit algorithm. In the first step, we highlight the influence of non-
i.i.d. data, inherited from the multi-armed bandit model, and provide the statistical convergence
property for the MCP estimator under partially i.i.d. samples. Applying these results to the G-
MCP-Bandit algorithm, in the second and third steps, we establish the convergence properties for
both the random sample estimator, which is based on only samples that were generated through
the e-decay random sampling method, and the whole sample estimator, which uses all available
samples. Finally, in the last step, we establish the total expected cumulative regret by separating
the regret up to time 7' into three segments and providing a bound for each segment. The main
structure and sequence of our proving steps described above are first introduced by Bastani and
Bayati (2020), which presents their expected regret analysis for a linear bandit model (i.e., LASSO-
Bandit algorithm) in a similar sequence. We will largely follow their presentation structure, but
with different steps, proving techniques, and convergence properties, to illustrate the key steps in

analyzing the G-MCP-Bandit algorithm.
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5.1. General Non-i.i.d. Sample Estimator

Note that the restricted eigenvalue condition (i.e., assumption A.4) for high-dimensional statistics is
for i.i.d. samples in the literature. Yet, in this research, we consider the G-MCP-Bandit algorithm,
under which only part of the samples are i.i.d., so we first need to show that the restricted eigenvalue
condition continues to hold for partially i.i.d. samples (see Lemma EC.1 in E-Companion). Then,
we can establish general results for the MCP estimator under non-i.i.d. data.

We denote W, as the whole sample set and 3M°P

as the MCP estimator for the parameter vector
corresponding to decision k € IC. Similarly, in the following presentation, we will omit parameters’
subscripts corresponding to the choice of arms and time index for brevity, as long as doing so will
not cause any misinterpretation.

Note that as samples in W may be non-i.i.d., standard MCP convergence results (Fan et al.
2014b, 2018) cannot be directly applied. Recall that we proposed the e-decay random sampling
method, in which these samples generated under randomly selected decisions are i.i.d.. Therefore,
there exists a subset A C W such that all samples in this subset are i.i.d. from the distribution
gMcP

Px. The next step is to show that when the cardinality of A (i.e., |A|) is large enough, will

converge to the true parameters 3""°.

PROPOSITION 3. Under assumptions A.1, A.4, and A.5, if |A| > C;'logd and a > ﬁ’lﬁj, then

for ¢ >0, the following inequality holds for the MCP estimator under the 2sWL procedure 3MCF

MCP
16nsC 16n5,03/51 \
| Al | Al

P <‘/8MCP_/8tme||l S ) 21_51(n7|“’4|7<)_52(n7|"4|7)‘)7 (16>

where Cy = O(s™?), 61(n,|A|,C), and dz(n,|Al,\) are defined in (EC.125), (5), and (11), respec-
tively.

Proposition 3 describes the statistical properties of the non-i.i.d. MCP estimators under the
2sWL procedure. If we set ¢ to be on the order of O(y/1/n), then ||BMC? — ||, is on the order
of O(sy/n/|A]2). In addition, when the i.i.d. sample size |.A| matches the whole sample size n,
Equation (16) suggests that the MCP estimator guarantees the optimal statistical convergence at
O(sv/1/n).

Moreover, Proposition 3 shows the necessity of generating i.i.d. random samples in high-
dimension bandit settings. Non-i.i.d. samples are inevitable in online learning and decision-making
process, so ensuring the desired performance of the parameter vector estimation in high-dimensional
settings can only be achieved through generating a sufficient number of i.i.d. samples, as shown in
Proposition 3. We will show in the next two subsections that at time ¢, the size of i.i.d. samples
generated under the e-decay random sampling method is on the order of O(logt), which can be

further improved to the order of O(¢) under the bi-level decision structure.
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5.2. Estimator from Random Samples up to Time ¢

In Proposition 3, we show that the MCP estimator will converge to the oracle parameter as long
as the sample set contains a sufficient number of i.i.d. samples. Recall that in our proposed G-
MCP-Bandit algorithm, samples generated by the e-decay random sampling method are i.i.d., and
the size of these i.i.d. samples is on the order of O(logT) (i.e., see Proposition 2). Combining
these observations, the following proposition establishes the statistical performance of the MCP

estimator based on only random samples generated by the e-decay random sampling method.

PROPOSITION 4. Let to = 2Cy|K|, t >ty and a > 1152s/ (p*k). If assumptions A.1, A.3, A.4,

and A.5 hold, then the random sample MCP estimator for any arm in K under the G-MCP-Bandit

/Brandom

algorithm will satisfy the following inequality

1
P (Hﬂrandom _ /BtrueHI < mln{ h }) > 1-— 550(t,t0),

OTmax 4€0 RinaxTmax
where &y(t,to), Co = O(s?logd), and Ay = O(s™'), whose detailed expressions are given in (13),
(EC.35), and (EC.36), respectively.

5.3. Estimator from Whole Samples up to Time ¢

In addition to i.i.d. samples generated by the e-decay random sampling method, other samples can
also be used to improve the statistical performance of the MCP estimator. To intuit, recall that
in the G-MCP-Bandit algorithm, when the user is not selected to perform a random sampling,
decision-makers will use the bi-level structure to determine the optimal decision to maximize their
expected reward. In the upper-level decision-making process, only i.i.d. samples will be used (as
Bravdem s the MCP estimator based on samples generated only by the e-decay random sampling
method) to determine the candidate(s) for the optimal decision set. From Proposition 4, we know
that this random sample MCP estimator will not be far away from its true parameter values. In
other words, if we define the event that the random sample MCP estimator at time ¢ is within a

given distance from its true parameter as event &:

&= {Hﬁza“d"m — B Smin{ ! d } ke K}, (17)

O-'Tma.x ’ 460Rmax$max
then event & will happen with high probability. Further, conditioning on event £, and assumption
A.3, we can verify that for any « € Uy, k € K, the following inequality holds:

h

]Ee(Rk ’mTBIrgandom) Z mj]g{ ]Ee(Rj ’mTﬂ;andom) + 5 (18)
J

Therefore, if using Equation (18) as the selecting criterion, decision-makers will be able to choose

the optimal decision k for any x € Uy, k € K with high probability. We defer the detailed analysis

to Lemma EC.3 in the E-Companion.
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Formally, we can bound the total number of times under which event X; € U, and event &,

happen simultaneously. In particular, we define

t
My()=Bex | Y 1(X; € Uk, €2, X ¢ R )| T (19)

j=1
for 1 € {0,1,2,..,t}, where F; = {(Xj;,R;) for j <i} and R, being the set containing the user
covariate X with decision arm k assigned by the e-decay random sampling method. Then, { My (i)}
is a martingale with bounded difference |M; (i) — My (i +1)] <1 for ¢ =0,1,2,...,t, and we can
bound the value of M, (t) in the following proposition:

PROPOSITION 5. Let tg =2Cy|K| for some Cy, t > to, and a > 1152s/ (p*k). If assumptions A.1,
A.8, A.4, and A.5 hold, then P (Mk(t) < %) <exp (—%) holds for all k € KC, where Cy =
O(s*logd) and \y = O(s™ ') are defined in (EC.35) and (EC.36), respectively.

Intuitively, Proposition 5 suggests that with high probability, the actual i.i.d. sample size in Uy
for decision k will be on the order of O(t) instead of O(logt). This improvement is the reason
why the whole sample MCP estimator 3""°'¢ used in the lower-level decision-making process has
better statistical performance, compared to the random sample MCP estimator B*4°™ used in
the upper-level decision-making process. Specifically, we can establish the convergence property for

the whole sample MCP estimator in the following proposition.

PROPOSITION 6. Let tg =2Cy|K|, t > Ty, and a > %. If assumptions A.1, A.8, A.4, and A.5
hold, then the whole sample MCP estimator for the arm in the optimal arm set K,, under the
G-MCP-Bandit algorithm, 3V will satisfy the following inequality:

128s¢  128spy)g 10 2
P whole _ gtrue|| =~ AN >1=500(t.10) — -9 .
(H’B Al < DR + DR = o(t:to) (t+1)2 SN T o522 ’

max

where ¢ >0, and pgfs, do(t,to), Co = O(s*logd), Ty = O(s’logd), \y = O(s7"), and Ay o= O(1)
are defined in (12), (13), (EC.35), (EC.60), (EC.36), and (EC.62), respectively. Moreover, let
T, = O(B;2 5*logd) be set as in (EC.61). Then, when t > Ty, the above result can be improved to

min

whole rue 1288C 10 tCQ
P (Ll < 08 ) 21t - 2w ().

max

5.4. Cumulative Regret Up To Time T
Finally, to bound the cumulative regret for the G-MCP-Bandit algorithm, we need to divide the
time, up to time 7', into three groups and provide an upper bound for each group.

The first group of time contains the time before time 7 and the time up to time T when i.i.d.
samples are generated through the e-decay random sampling method. Note that before time T

(the explicit requirement for 7} is given in the proof of Proposition 6 in E-Companion and on
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the order of O(s*logd)), decision-makers does not have sufficient samples to accurately estimate
covariate parameter vectors. Hence, the reward under the G-MCP-Bandit algorithm will suffer and
be sub-optimal compared to that of the oracle case. We can bound the cumulative regret by the
worst-case performance by 3Cy Ruax|K|10g T + 5 Ry | K| Ty = O(s2 log dlog T), where the first part
of this cumulative regret is for all samples before time Ty and the second part is for all random
samples up to time 7.

Next, we will segment the remaining scenarios into two groups, depending on whether we can
accurately estimate covariate parameter vectors by using only random samples collected by the
e-decay method. In particular, the second group includes the remaining scenarios where the random-
sample-based estimators are not accurate (i.e., event & doesn’t hold). Under those scenarios,
inevitably, decision-makers’ decisions will be suboptimal with high probability. However, note that
as the size of i.i.d. samples increases in t, the probability of event £ not occurring decreases. We
can bound the cumulative regret for the second group by 2Rmax|K|To = O(s*logd).

The last group includes the remaining scenarios where the random-sample-estimators are accu-
rate enough (i.e., event & holds.). Benefiting from the improved estimation accuracy (Proposi-
tion 6), we can bound the cumulative regret for the last group by Rp..|K|(2C,Ty + CslogT +
Cslog® T) = O(s*(logd +log T) log T'). Further, when ¢ goes beyond T}, > T}, we can prove that the
expected cumulative regret for the last group will be bounded by Ry |[K|(2C4To + (C5+Cs) log T +
Cslog’ Ty) = O(s?logdlog T). Combining the cumulative regret for all three groups, Theorem 1

directly follows.

6. Empirical Experiments

In this section, we will benchmark the G-MCP-Bandit algorithm to OFUL (Abbasi-Yadkori et al.
2011), OLS-Bandit (Goldenshluger and Zeevi 2013), and Lasso-Bandit (Bastani and Bayati 2020).
In particular, we seek answers to the following two questions: How does the performance of the
G-MCP-Bandit algorithm compare to other bandit algorithms? And how is the performance of the
G-MCP-Bandit algorithm influenced by the data availability (7"), the data dimensions (s and d),
and the size of the decision set (K)?

To this end, we start with two synthetic-data-based experiments in §6.1 and then conduct one
real-dataset-based experiment, the Tencent search advertising data, in §6.2. Note that the algo-
rithms and theoretical bounds of OFUL, OLS-Bandit, and Lasso-Bandit are developed under the
assumption that the reward function follows the linear model, which is a special case in the G-
MCP-Bandit algorithm. Therefore, for fair comparisons, we specify the underlying reward function
for the G-MCP-Bandit algorithm to follow the same linear model (i.e., the reward under decision

k for a user with covariate vector X, takes the form of Ry, = X, 3" + ¢, where € is a o-gaussian
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random variable) in both synthetic experiments. In the Tencent search advertising data experiment,
besides benchmarking the G-MCP-Bandit algorithm to other bandit algorithms, we also explore
the performance of the G-MCP-Bandit algorithm under both the linear model and the logistic

model to examine the impacts of the model choice on decision-makers’ revenue performance.

6.1. Synthetic Data (Linear Model)

In the first synthetic data experiment, we fix the size of the decision set K and focus on the impacts
of the data dimensions, s and d, and the data availability, T', on the algorithms’ cumulative regret
performance. In particular, we consider a two-arm bandit setting (i.e., K = 2). To simulate different
sparsity levels, we vary the covariate dimension d = {10,10%,10% 10*} and keep the dimension for
significant covariates unchanged at s = 5. Therefore, as the covariate dimension d increases, the
data become sparser. The underlying true parameter vectors for covariates are arbitrarily set to be
B1=(1,2,3,4,5,0,0,...) for the first arm and B, = 1.1- 3; for the second arm. For each incoming
user, we randomly draw her covariate vector from N (0, I;54) and the error term in the linear model
e from N(0,1). We truncated the covariate vector and reward between [—10,10]. Finally, we use
the same parameter values for ¢y, h, A1, and Ay in both the Lasso-Bandit algorithm and the
G-MCP-Bandit algorithm and select the unique parameter for the G-MCP-Bandit algorithm a at
2. For each algorithm, we perform 100 trials and report the average cumulative regret for OFUL,

OLS-Bandit, Lasso-Bandit, and G-MCP-Bandit (under the linear model) in Figure 1.

Figure 1  Synthetic study 1: The impact of 7" and d on the cumulative regret, where K =2 and s =>5.
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Overall, we observe that the G-MCP-Bandit algorithm significantly outperforms OFUL, OLS-
Bandit, and Lasso-Bandit and achieves the lowest cumulative regret. Facing only two deci-
sions/arms, decision-makers can easily identify the optimal arm, and therefore OFUL and OLS-
Bandit, both of which are not specifically designed for high-dimensional settings, perform nearly

identically. Lasso-Bandit and G-MCP-Bandit could benefit from their abilities to recover the sparse
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structure and identify the significant covariates. Therefore, compared to OFUL and OLS-Bandit,
Lasso-Bandit and G-MCP-Bandit can improve their parameter estimations, especially under high-
dimensional settings, and perform substantially better. Further, the improvement of the cumulative
regret performance of G-MCP-Bandit over Lasso-Bandit follows from the facts that the MCP
estimator is unbiased and could improve the sparse structure discovery. Next, we will discuss the
influence of sample size T and the covariate dimension d on these algorithms’ cumulative regret
performance.

Figure 1(a) and 1(b) illustrate the influence of the sample size T' on the cumulative regret for
the cases where d =10 and d = 1000 (other cases exhibit a similar pattern and are therefore
omitted)?. As we have proven that G-MCP-Bandit provides the optimal time dependence under
both low-dimensional and high-dimensional settings (Theorem 1), G-MCP-bandit strictly improves
on the cumulative regret performance from Lasso-Bandit, especially when T is not too small.
Note that facing insufficient samples, all algorithms fail to accurately learn parameter vectors and
therefore perform poorly. As the sample size increases, the G-MCP-bandit algorithm is able to, in
an expeditious fashion, unveil the underlying sparse data structure, accurately estimate parameter
vectors, and outperform all other benchmarks. For example, in Figure 1(b), we observe that the
regret reduction of G-MCP-Bandit over all other algorithms is at least larger than 5% when the
sample size T is larger than 70. This observation echoes our theoretical findings that the G-MCP-
Bandit algorithm attains the optimal regret bound in sample size dimension O(logT).

We also observe that the benefits of G-MCP-Bandit over the other three algorithms appear to
increase in the data sparsity level. Figure 1(c) presents the influence of the covariate dimension
d on the cumulative regret for the case where T'= 1000. Recall that we fixed the dimension for
significant covariates s = 5. Therefore, as the covariate dimension d increases, the data become
sparser (i.e., d/s increases). As expected, the cumulative regret for all four algorithms increases in
the covariate dimension d, but at different rates. On the one hand, both OLS-Bandit and OFUL
lack the ability to recover the sparse data structure and are ill-suited for high-dimensional problems.
On the other hand, Lasso-Bandit and G-MCP-Bandit, which adopt different statistical learning
methods for sparse structure discovery and are designed for high-dimensional problems, have lower
cumulative regret that increases in d at a slower rate. Further, we notice that the G-MCP-Bandit
algorithm has the least increase in cumulative regret among all four algorithms, which confirms
our theoretical finding in Theorem 1: The G-MCP-Bandit algorithm has a better dependence on
2In all four experiments where d € {10,10%,10% 10"}, we simulated the sample size up to 10,000 and observe that

the G-MCP-Bandit algorithm’s cumulative regret seems to be stabilized before T' = 2000. Therefore, we only plot for
the first 2000 samples to avoid duplication.
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the covariate dimension O(logd) than Lasso-Bandit O(log”d), OFUL, and OLS-Bandit (the last
two algorithms have polynomial bounds in d).

In the second synthetic data experiment, we study the influence of the size of the decision
set by varying K = {2,5,10,20,50,100} and keeping the data dimensions unchanged (s =5 and
d=100). For each decision, we randomly draw the parameter vector for the significant covariates
from a uniform distribution, U(0,1). Finally, we keep other parameters the same as in the first
synthetic data experiment. Figure 2 plots the average cumulative regret for OFUL, OLS-Bandit,
Lasso-Bandit, and G-MCP-Bandit (under the linear model).

Figure 2  Synthetic study 2: The impact of 7' and K on the cumulative regret, where d =100 and s =5.
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We observe that the benefits of adopting G-MCP-Bandit over the other three algorithms increase
in the size of the decision set. In particular, as K increases, the cumulative regret gap between
G-MCP-Bandit and any other algorithm grows; see Figure 2(c). This observation is as expected. To
intuit, note that as we add more possible decisions into the decision set, the complexity and difficulty
for decision-makers to select the optimal decision grow for two main reasons. First, decision-makers
will need more samples to identify the significant covariates and estimate the parameter vectors.
Second, as the number of decisions increases, the process of comparing the expected rewards among
all decisions and selecting the optimal decision becomes more vulnerable to estimation errors.
Therefore, we should expect that as the number of arms increases, the number of samples required
for these algorithms to accurately learn the parameter vectors and select the optimal decision will
increase as well.

Figure 2(a) and Figure 2(b) plot the cumulative regret for the case of ten arms and fifty arms,
respectively. Clearly, decision-makers need far more samples before their cumulative regret can be
stabilized in the case of fifty arms than in the case of ten arms. Therefore, the cumulative regret
performance under all algorithms suffers from the increasing size of the decision set. As discussed

earlier, the G-MCP-Bandit algorithm attains the optimal bound in the sample size dimension and

100
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is able to learn the sparse data structure and provide accurate unbiased estimators for parameter
vectors. Hence, we observe that the benefits of adopting the G-MCP-Bandit algorithm over other
algorithms are amplified as the number of arms increases, as illustrated in Figure 2(c).

Finally, before moving to the real-data-based experiment, it is worth mentioning that we also
conduct a systematic sensitivity analysis to test the robustness of the G-MCP-Bandit algorithm
under different values of input parameters in §EC.3 of the E-Companion. In particular, we find
that when we vary the G-MCP-Bandit algorithm’s input parameters (i.e., a, A1, Aag, h, to), the
cumulative regret remains largely unchanged, which suggests that the G-MCP-Bandit algorithm

is robust with respect to the choices of its input parameters.

6.2. Tencent Search Advertising Data (Linear & Logistic Models)

Now, we scale up the dataset’s dimensionality by considering a search advertising problem at
Tencent. The Tencent search advertising dataset is collected by Tencent’s proprietary search engine,
soso.com, and it documents the interaction sessions between users and the search engine (Tencent
2012). In the dataset, each session contains a user’s demographic information (age and gender),
the query generated by the user (combinations of keywords), ads information (title, URL address,
and advertiser ID), the user’s response (click or not), etc. This dataset is high-dimensional with
a sparse data structure and contains millions of observations and covariates. To put the size of
the dataset into perspective, it contains 149,639, 105 session entries, more than half a million ads,
more than one million unique keywords, and more than 26 million unique queries.

For illustration purposes, we focus on a three-ad experiment® (with ad IDs 21162526, 3065545,
and 3827183). Each of these three ads has an average CTR higher than 2% and more than 100,000
session entries, which provide a basis for reasonably accurate estimations for parameter vectors.
In total, there are 849,338 session entries with 169,744 unique queries and 8 covariates for users’
demographic information. As the search engine receives payment from advertisers only when the
user has clicked the sponsored ad, we arbitrarily set the awards for clicked ads to be $1, $5, and
$10, respectively.

When the true underlying reward function follows the logistic model*, Figure 3 plots the average
revenue performance under OFUL (under linear model), OLS-Bandit (under linear model), Lasso-
Bandit (under linear model), a random policy, the oracle policy (under the logistic model), and
G-MCP-Bandit (under both linear and logistic models). It is worth noting that the “true” oracle
3 Experiments with more ads are provided in Appendix EC.4.1. With a larger number of ads, our observations and

insights remain qualitatively unchanged. Furthermore, similar to synthetic studies, the benefits of G-MCP-Bandit
over other benchmarks increase in the number of ads.

4In Appendix EC.4.2, we further consider the case where the true underlying model follows a two-component Gaussian
mixture model, which does not belong to the GLMs family, and the benefits of the G-MCP-Bandit algorithm over
other benchmarks remain qualitatively unchanged.
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policy is impossible to implement, as the true parameter vectors are unknown, or at least have
considerable variance even when all session entries in the dataset are used for estimation. Therefore,
the oracle policy in the experiment represents the scenario when the search engine has access to all
data to estimate these parameter vectors and make ad selection decisions. In addition, we introduce
the random policy as another benchmark to simulate the scenario in which the search engine will
randomly recommend an ad with equal probability to an incoming user. Finally, note that the
CTR prediction is binary in nature (i.e., click or not). We, therefore, include the G-MCP-Bandit
algorithm under the logistic model and compare it to the G-MCP-Bandit algorithm under the
linear model to study the influence of the underlying model choice. In the experiment, we simulate
incoming users by permuting their covariate vectors randomly. For each algorithm, we perform
100 trials and report the average revenue with 5000 users, which seems to be sufficient for the

G-MCP-Bandit algorithm to converge.

Figure 3  Tencent search advertising experiment: The average revenue under different algorithms.
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We can show that all learning algorithms generate higher average revenue than the random pol-
icy for any number of users and that the G-MCP-Bandit algorithm outperforms other algorithms
under most scenarios. Specifically, when comparing all algorithms under the same linear model,
we observe that the G-MCP-Bandit algorithm (under the linear model) has better average rev-
enue performance than OFUL, OLS-Bandit, and Lasso-Bandit as soon as there are more than 140
users. This observation is consistent with that previous synthetic-data-based experiments and sug-
gests that compared to other benchmarking algorithms, the G-MCP-Bandit algorithm can benefit
from improved parameter vector estimation under high-dimensional data with limited samples and
achieve better revenue performance.

Further, we find that the choice of underlying models can significantly influence the G-MCP-

Bandit algorithm’s average revenue performance. Note that the advertisers award the search engine
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only when users have clicked the recommended ads. Therefore, the search engine’s reward function
is binary in nature. When comparing the G-MCP-Bandit algorithm under the logistic model to
that under the linear model, both of which are special cases of the G-MCP-Bandit algorithm, we
observe that the former always dominates the latter for any number of users. In addition, the
G-MCP-Bandit algorithm under the logistic model merely needs 20 users to outperform the other
three algorithms. This observation suggests that understanding the underlying managerial problem
and identifying the appropriate model for the G-MCP-Bandit algorithm can be critical and bring

substantial revenue improvement for decision-makers.

7. Conclusion
In this research, we develop the G-MCP-Bandit algorithm for online learning and decision-making
processes in high-dimensional settings under limited samples. We adopt the matrix perturbation
technique to derive new oracle inequalities for the MCP estimator under non-i.i.d. samples and fur-
ther propose a linear approximation method, the 2sWL procedure, to overcome the computational
and statistical challenges associated with solving the MCP estimator (an NP-complete problem)
under the bandit setting. We demonstrate that the MCP estimator solved by the 2sWL procedure
matches the oracle estimator with high probability and converges to the true parameters with the
optimal convergence rate. Further, we show that in the data-rich regime, the cumulative regret
of the G-MCP-Bandit algorithm over the sample size T' is bounded by O(logT), which matches
the theoretical lower bound for all possible algorithms under both low-dimensional and high-
dimensional settings. In the covariate dimension d, the cumulative regret of the G-MCP-Bandit
algorithm is upper bounded by O(logd), which is also a tighter bound than existing bandit algo-
rithms. Finally, we illustrate that compared to other benchmarking algorithms, the G-MCP-Bandit
algorithm performs favorably in both synthetic-data-based and real-data-based experiments.
Limitations and future research: One limitation of this paper is that the analysis relies on
the sub-Gaussian assumption, but some other models, such as the Poisson regression, merely sat-
isfy a weaker sub-exponential assumption. Extending the current paper beyond the sub-Gaussian
assumption to the sub-exponential assumption could future generalize this paper. Additionally,
note that implementing the G-MCP-Bandit algorithm in an online setting could be computationally
challenging in practice, especially when the covariate dimension and the decision set are extremely
large. In particular, for every incoming user, the G-MCP-Bandit algorithm needs to update all
arms’ parameter vectors. Hence, when there are millions or billions of ads and users, implement-
ing the G-MCP-Bandit algorithm becomes a highly time-consuming process on a single server.
Hence, another future research direction could combine designing an online-offline hybrid structure,
adopting parallel computing techniques, and using stochastic learning algorithms to improve the

computational performance of the G-MCP-Bandit Algorithm.
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Parameters Explanation
tand T Time indexes.
K The decision set: K ={1,2,..., K}.
Ry and R; The reward, where ke C, t=1,2,...,T, and i =1,2,...,n.

X, @, x; The covariates vectors, where X,,x,xz; € R, and t =1,2,....T.

d, s The dimension of total covariates and the dimension of significant covariates.
prue User’s true parameter vector corresponding to arm/decision k.

f), L£() The sample-wise loss function and the negative log-likelihood loss function.
f;(|y), f;;(\y) The first and second order partial derivatives of f(-]y) with respect to y.
Tmaxs; Fmaxs Positive constants that bound parameters defined in assumption A.1.

C A positive constant defined in assumption A.2.
Ko, K The optimal and suboptimal decision sets defined in assumption A.3.
U, A subset of users’ covariates defined in assumption A.3, where k € K.
h, p* Positive constants defined in assumption A.3.
o, Oy Positive constants defined in assumption A.4.
K The restricted eigenvalue constant defined in assumption A.5.
@eracle - glasso - gW The oracle, Lasso, and weighted Lasso estimators.
- The decision-makers’ policy: @ = {m;};>1, where 7, € K is the decision pre-
scribed by policy 7 at time t.
RE(T) The cumulative regret up to time 7.
A The sample set that contains only i.i.d. samples out of the whole sample set.
w Non-negative weights vector for weighted Lasso in Eq. (6), w = (wy,ws, ..., wg).
P, .(7) The MCP penalty function with positive parameters a and .
MCP arandom awhole Lhe MCP estimator, the MCP estimator under the random sample set R,
s B B and the MCP estimator under the whole sample set W.
a, A1, A20,t0 Input parameters for the G-MCP-Bandit algorithm.
do(, to) do(t,to) =2((to +1)/(e(t +1)))".
d1(n, |Al,¢) 51 (n,|Al,¢) = 2sexp(—%) +exp (—C1|A|).
da(n, A}, \) 8a(n, | A, A) = ddexp(— 550 — (5 — 1ai)?)-
S NP Terms defined for Proposition 1: & = {i : [8/™°] > (fﬁlﬁ + a)\};
L Ps/s psss, =Bss, — B&)s /185" — Bg |1 if S; # S and 0 otherwise.
R The set contains the user covariate X generated by the e-decay random sam-
@k pling method for arm k.
Fi A filtration defined as F; = {(X;, R;) for j <i}.
C Defined in the proof of Proposition 4 and used in Proposition 2, 4-6, and
0 Theorem 1; its dependence on T, d, and s is Cy = O(s*logd).
4 Defined in the statements of Lemma EC.1 and EC.2; C, = O(s™2).
T T Defined in the proof of Proposition 6 and used in Proposition 6 and Theorem
0=t 1; To = O(s*logd) and Ty = O(B,7, - s*log d), where Sumin=min;c gk rex |8
C,,Cy,Ci,Cs Defined in the proof of Theorem 1; C, = O(1), C3 < @((1 + Pmax)>s?logd),

507817 ---,55,(i,j),t(w)

{Mi(i)}

Cy=0(1), and Cs = O(s?).
Series of events.
Martingale sequences used in the proof of Proposition 5.
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EC.1. Appendix: Main Proofs
To simplify the notation in the E-companion, we denote Vg F'(x) as the vector with elements (VF(x));, i € B,
where (-); is the i-th element in the vector. Similarly, we denote V. F(x) as the matrix with elements
(V2F(x)):;, i € B,j €C, where (-);; is the element in i-th column and j-th row. To prove the main lemma,
propositions, and theorems in this section, we need four additional technical lemmas (i.e., Lemma EC.1
to Lemma EC.4), whose statements and proofs are given in §EC.2 of this E-Companion. For notational
convenience, we will omit parameters’ subscripts corresponding to the choice of arms, as long as doing so
will not cause any misinterpretation.

Proof of Lemma 1 From the optimality condition of Eq. (3) and B°'2¢® being the optimal solution,

we know that

(Igoracle) —0. (ECI)

Expanding Vs£(8) in (EC.1) at B¢, we can show that via the mean value theorem, for some £ € {73°racle
(1—m7)B'"e, 7 €10,1]}, the following result holds:

Vé,sﬁ(é) (Iggracle _ I@fgrue) =0— vsﬁ(ﬁtrue)
= ( gracle _ true) V‘QS s (5) (Iagracle _ true) _ (Igoracle ﬂgrue)TvSL(IGtrue)

= UTV2£(€)U — _(/@gracle _ ,@fgrue)TVSE(,@true), (EC?)

where in (EC.2) we denote u = 3°7¢l° — 3'Tu¢ and use the fact B3¢ = BUN° = 0 to expend the left-hand side
to d dimensional space. By the definition of 3°r2°!¢ and B%u¢, it is direct to show that ||use||; =0 < 3||us]||:.

From Lemma EC.1, we know that when |A| > C; 'logs, the following inequality holds with probability at
least 1 —exp(—C4].Al):

Alr
|2n| lus||i <u'VZL(E)u. (EC.3)
Combining (EC.2) and (EC.3), we have:
|AI€ oracle rue rue
A g2 < (B - BT VL)
| | ”6orac1e ﬁgrue‘|1§||ﬁoracle true” ||VS (ﬁtrue)”O<>

= ”6orac1e trueH1 HVS (/@true)”m. (EC4)

|A|
To obtain an upper bound for ||322<!° — 3&ue||,, we need to show that ||VsL(8""°)|| is also upper bounded.
e Upper bound for ||[VsL(8"")|

From the definition of £(-), we have

IVsL(B™) | , (EC.5)

]

Z R |XTﬁtrue)
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where we replace r and y in f;(r|y) by R; and X[B""° respectively, and X s is the subvector of X;
with elements in S. Under assumption A.4, f; (R;| X[ B"°) is a o2-sub-gaussian random variable. From the

Hoeffding inequality (see Proposition 2.5 in Wainwright 2019), for ¢ > 0, we have

“

where the right-hand side uses the fact that all realization ||#;]/cc < Zmax in assumption A.1l. Hence, via

1 - ’
n Z(Xj,i)fy(RﬂX]T,@'truc)

20212

max

>g> <2exp< ”C2> Vies, (EC.6)

union bound, we can show that

P (||VsL(8")]|o > ¢) = Z LR X8| >¢
SZP ( Z f R |XT5true) >C>
ics
< 2sexp ( 2252) , (EC.7)

where the last inequality in (EC.7) follows from |S| < s. At last, the lemma follows directly by combining
(EC.4) and (EC.7).

Proof of Proposition 1 Proposition 1 directly follows Proposition 3 by setting |A| = n.

Proof of Proposition 2 Under the e-decay random sampling method, the probability of randomly
drawn arm k at time ¢ is min{1,¢y/¢}/|K|, where |K] is the number of arms. Hence, at time T, the expected

total number of times at which arm k was randomly drawn is

L [ to
E[nk] = W Zmln ]-7 ? )
t=1

where the expectation is taken with respect to n;, the total number of random samples.

When T > to,

KN to K|
Elne] = <t0+ 3 t>|/c<” 3 t). (EC.8)

t=to+1 t=to+1

Since the function f(t) =1/t is decreasing in ¢, it can be bounded as follows

t+1 1 1 t 1
/ fdx<f</ —dx, t>2.
. T t 1T

As Cy > 20, we can verify that tg =2Cy|K| > 2. Hence, for any ¢ from ¢ + 1 to T, we have

log(T +1) —log(to+1) < Z % <log(T) —log(to)- (EC.9)

t=to+1

Combining (EC.8) and (EC.9), we can bound E[n,] as follows:

to(1+1log(T+1) —log(to+1)) < E[ng] < 7—=to(1 +log(T) —log(to)). (EC.10)

1 1
K| K|
Since ny = Zthl 1{random sampling for arm k at time ¢}, we can view n, as the summation of bounded

ii.d. random variables. By Chernoff bound (see Theorem 4 in Goemans 2015 by setting § = 0.5), we can
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have the following inequality:
1 3 1
P =E[ng] <ny < §E[nk] >1-—2exp _TOE[nk] . (EC.11)
We then relax the E[n,] in (EC.11) by using the upper and lower bounds provided in (EC.10) to attain
the following result:

IP<t0(1+log(T—|—1)—log(t0+1))<n <3t0(1+log(T)—log(t0))) 21_2< to+1 )m (EC.12)

2K| == 2|K| e(T+1)

When tq =2C,|K| and Cy > 20, we have 18\0@ = Cy/5 > 4. Then, this proposition follows directly by plugging
to = 2C,|K| back into (EC.12) and using the definition of do(T, 1) in the proposition statement.

Proof of Proposition 3 1In the first step of the 2sWL procedure, we solve a Lasso problem. From
Lemma EC.2, we know that if |.A| > C; ' logd, then the inequality ||3'25%° — Bt™ue||, < 2522 holds with high

probability. Beside set S; defined in (9), let’s consider the following index set:

24ns
- -, true .
Sy= {z. 87| < (| ” +a> A, i eS}. (EC.13)

Directly, we can show that

i €81 = |8%°| > a) so that w, = P (|81*°[) = 0;

48
i €8y = |B0| < (M’f + a> A and w; = P, (|B°)) < A, (EC.14)
where we use the fact that for all z >0
, x
Py ,(r) =max (0, A— E) (EC.15)
per definition of MCP penalty in (7). Similarly, for i € S°={i: |8!*™¢| =0,i € {1,2,...,d} }, we can show that
24ns 24ns

€S = |Blasse| < A and w; = P lassoy > (1 — A EC.16
8o g < T and w = P10 2 (1 25 ) (EC.16)

where the last inequality uses 1 — \%;1\7;2 >0 for a > ﬁ’ﬁj.

Let BMCP be the optimal solution to the second step of the 2sWL procedure. Using the fact that £(3) +

>¢_, wy|B;] is minimized at BMCP and the fact that £(3) is convex, we have

d d
LBYT)+ Y BT < LB ) + D w,|55] (EC.17)
Jj=1 j=1
d d
:>£(/8true) + Vﬁ(ﬂ“ue)T(ﬂMCP _ ﬂtrue) + Z wj|ﬂJMCP| < E(ﬂtrue) + Z wj'ﬁ;rue|
j=1 Jj=1
d d
:VAC(ﬂtrue)T(I@MCP _ I@true) + Z w; ‘/le\/ICP| S Z w; ‘ﬁ;ruel
=1 j=1
:V£<ﬂtrue)T(I@MCP _ I@true) + Z ’U)j|6J1-VICP| + Z wj‘/@]l_\/ICP| S Z wjlﬁ;ruel (EClS)
JjES2 jeSe JES2
:V£<ﬂtrue)T(I@MCP _ I@true) + Z UJj|BJN[CP _ 6;rue| S Z 'LUj|BJ1-VICP _ /8;r11e|. (Eclg)
JjES® JESo

where (EC.18) uses the observations that w; =0 for i € S; and g™ =0 for i € §¢, and (EC.19) uses the
observation that g™ =0 for i € S°.
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Let u = BMCF — Btrue Then, inequality (EC.19) can be further simplified as follows:

VLB ) T+ > wylug| <Y w; ] (EC.20)
jeSe© JjES2
= Z VLB )u; + Z w;|u;| < Z w; |u;|
JES1USUSC jeSe JES2
= (w; = [V,L(B"))u| < Y (w; + VLB ) s + D VL8 ||y
jeS*© JES2 JES

= (e = [|Vse L(B™) [loo)|tse l1 < (02 + [|V5, L(B™) [loo) 1uss, 1 + V5, (8™ oo [luas, 1, (EC.21)

where we define two positive constants, w. and ws, as follows:

24ns
o= (1- 22 )< ,
W, <1 |.A|/€CL> A Jrrelgg{wj} (EC.22)
and
Wy = A > max{w;}, (EC.23)
JES2

where the inequalities in (EC.22) and (EC.23) are from (EC.16) and (EC.14), respectively.
Now, we define the following event:

3

s = {1V L8 < S~ 2} (EC.24)

1
4
Then, under event &1, inequality (EC.21) implies
o= S+ 30 ) sl < (@ + 30— 32 ) s, +  J0. - 72 s,
- = = c —W, — — —W, — =W
W, 4wc 4102 Selll1 S | W2 4wc 4102 So|l1 4 4 2 Syl

1
==

- - 3 . N 3 . - -
4(wc+w2)||usc||1 < 1(“’2 + W) [Jus, |1 + 1(102 +0c)||us, [[1 — Wallus, |1
= (We + W) |luse ||y < 3(g + W) [|us ||y — 4ibz||us, |1
e s < sl = 2 fus, |
Usc u — u
sell1 < sl ot Sh il

Combining (EC.25) and Lemma EC.1, we can show that for all feasible &, the following inequality holds:
P (0 el <uT V2L () 2 1 e~ A, (EC.20

Now, we go back to (EC.17) and expand the £(3) term in the left-hand side at 8. Denoting u = M —

B¢ we can show that there exists a feasible & between 3" and B¢"“¢ such that

d d
L(B™) + VL(B™) Tt gu VALEu+ 3wl 5] < £(8™) + D wi |

=1 =1

d
rue\ T 1 Ty72 - MCP rue
S VLB Tt ul VALEu+ ) wilBTI < Y w8
|.A|I€ d d
=VL(B™) Tu+ MII%H? ‘*‘ZwiWZMCﬂ <> w8 (EC.27)
i=1

A d
=l sllf < 3 (VLB Juc b (18571 = 5)
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A rue rue

S s Y (B w87 - 185 (5C.29)
1€S1USUS¢

where inequality (EC.27) uses (EC.26) and we defer the consideration of the probability part via union bound

o (EC.34). Then, we can bound the right hand side of (EC.28) by considering i € S;,S, and §¢ separately.

LRSI

S (VLB s+ w87~ 6T )

1€S1
<D (VLB + w;) ]
1€S]
= > (IViL(8™)]) lui
1€S1
s, 1111 Vs, £(87) |loo (EC.29)

where the equality uses w; =0 for all i € ;.

eS8

S (LB s+ wi( |1~ |82T))

i€Ss
<3 (IV.L(B")| +w,) |ui
i€Ss
syl (175, £(87) oo +2) (EC.30)

where the last inequality uses w; < A for i € S,.
e €S°:

D (SVLL(B s+ (18] = |8HT)

eS¢

_Z V.. /Btrue BMCP z‘WJMCPD

i€SC

< (VLB )BT — wi| BMOF)

1€SC

3 1.
<X (G i) e
1€SC

<0, (EC.31)

where in the second-to-last inequality, we use the event ;.1 in (EC.24), and in the last inequality, we adopt
the fact that @, < w;, Wy >0, and w; > 0 by definitions.
Then, we combine (EC.28), (EC.29), (EC.30) and (EC.31):

A rue rue
P 1 < s, 11760 L8 o + s, s (V50 £08)] )
A rue
A I\us||1<||uS|| IV L8 o + Mlats, s
4ns lws, |11
=|lu v ,C true - . . 2
16ns 16ns llus, |11

=lully = [lus|i + Juse |1 < 4llus]l < IVSsL(B") || +

(EC.32)

Al (Al ™ luslly
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16ms 16ns [|B5CF — Bgre||

v true oo+
|./4| H S (ﬁ )H |.A| ||5MCP 5trueH

16ns 16ns
\v4 true - MCP )\
|A| H S (/3 )H | |I<J pS/Sl

where first inequality in (EC.32) applies (EC.25), and we use the definition of p§/S" (i.e., Equation (12)) in
the last inequality. Then, via (EC.7), we can bound |Vs£L(8""®)| . as follows:

:>||ﬂMCP _ﬂtruenl < A

:>||ﬁMCP ﬁtrue ||

272
2 Tmax

P(||VsL(8)| 0 <¢) > 1 —2sexp ( ”CQ) . (EC.33)

Next, we build the probability bound for event &1 in (EC.24) by the Hoeffding’s inequality. For ¢ > 0,
from (EC.7), we have

rue nt2
P ([|vL@™)|l, > t) < 2dexp <_2a2a:3nax>
3 1 30, — 2)?
= (HVE | 24@—@2) < 2dexp (—n(‘*;zxiff) )

e 1 18ns _ nA?2 (1 18ns )\’
=P (HVE(,@ )H‘X’z (2 |.A|/£a> )\> < 2dexp 20222 2 |Alka '

max

Combining this result with Lemma EC.2, we can show that if |. 4| > C; ' logd and a > ﬁ’ffj (which also implies

that % > 1815 “the proposition statement holds with probability

| Alka
nA2 n(? nA? 1 18ns\”
1—exp(—Cy|A|) —2d -2 )2 ———  )-2 - (==
exp(—C1|A|) exp ( 802%1&)() sexp( 202Zmax> exp ( 207 rm \2 [ AJra
n? 1 18ns\’ n¢?
>1-— —C —4d — == -2 —_— EC.34
- exp( 1|A|) exp ( 20’2xmax (2 |./4;‘£Cl> > P < 20’233?1,1&)() 7 ( )
2
where the last inequality uses the fact that (% — If\ZZ> < i.
Proof of Proposition 4 For clear expositions, we first state two constants that we will use in this
proof:
64 24logd 96 307202 1+logd
Cozmax{m 298 7 ma’;( o8 >} (EC.35)
p’ prCr TprCy A
and
A < mi furep” P (EC.36)
min . .
- 3072€0 S RimaxTmax 7680 ST max

As Cp = O(s72) per equation (EC.125), it is direct to verify that Cy = O(s?logd). Further, we denote event

& as follows:

&= {'“:L” > 24p } (EC.37)

Note that for the suboptimal arm set (i.e., k € KC,), event £ holds automatically, as |A| =n for k € K, so
that | A|/n > p* /24 always holds true; for the optimal arm set (i.e., k € K,), |A|/n represents the proportion
of covariate vectors X that are in the set U, (i.e., X € Uy) to all n i.i.d. samples that are generated via the

e-decay sampling scheme, and we will bound the probability for event &£ later in (EC.45).
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Combining Proposition 2 and event &3, we can show that when Cy > max{20 241°gd} the following

inequalities hold simultaneously with probability at least 1 — do(¢,%0):
A > ﬂn > 400(1 +log(t+1) —log(ty +1)) > 5—400 > O5 ' log d. (EC.38)
In addition, given &3, we can show that under the condition a > %, the following inequality holds:
1152s _ 48ns
_> .
pre KA

(EC.39)

Hence, with (EC.38) and (EC.39), it is direct to show that the inequality (16) in Proposition 3 holds: for

¢ >0, we have the following inequality:

16ns¢ 16nspga;j§10m

P (IIﬂrandom =B < /\> > 1=61(n,|A[,¢) = 02(n, | A], A)

| Al | Al
P random _ gtrue <%)\ >1-6 AlLA) =6 Al A EC.4
=P (B8 gL < Ak ) 2 1(n, [ Al A) = 02(n, |A[L ), (EC.40)

where in (EC.40), we set ( =\ and use p‘rsa/r‘lsdom <1
Combining event £ and Proposition 2, we can show that with probability at least 1—dq(¢, %), the following

results hold

n > Co(1+log(t+1) —log(tp + 1)) and |A| > —n > ﬁCo(l +log(t+1) —log(to + 1)). (EC.41)

Then, we can further simplify (EC.41) as follows:

e(t+1) p* e(t+1)
>yl d >—Cyl . EC.42
"= °°g<t0+1>an A= 51 Oog(t0+1 (BC.42)
Now, if we set Cy > max{pfg ,3072021§‘§§(1+logd)}, then we can directly verify that d,(n,|A|,\) =

256Xp( W) + exp(—C4|A]) < 6o (t,to) + 300(t,to) and da(n, |A[,A) < 280(t,t0), combining which we

have the following result:
7
Next, we need to bound the probability for event & for k € IC,. First, we can show that
A1, 1, e(t+1) e(t+1)
L ) > - <
{n ZogP 2 Mz gpColog | 5= | pNqn=6Colog {5
1 e(t+1) e(t+1) ¢
= -p*Cyl 1 EC.44
<{|A<4pC’Oog(t0+1)}u{n>6000g<t0+1 ; (EC.44)
which infers that for k € IC,,
ﬂ >P |A| < pCo U4 n>6Clog
n - 24 t t
1IP{{.A|<p*C0 < T )} {n>66’010 < >}}
+1
>1-P {A|< —p*Colog ( )>} IP{n>6C010g< )} (EC.45)
to+1

+>—l

++
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Now, we will separately consider bounds for P {\.A| < ip*C’o log (m>} and P {n > 6Cq log <M> }

tot+1 to+1
e The probability bound for n > 6C; log (egi;)):

From Proposition 2, when t > tq, the following result holds with probability 1 — do(¢,%0):

et

n <3Co(1+log(t) —log(ty)) =3Colog <t>
0

- > : (EC.46)

e(t+1)
to+1 °

e The probability bound for |A| < $p*Cylog (et(;ii))

where the last inequality uses 2 < e <

By Proposition 2 and assumption A.3, we can show that the expected number of i.i.d. samples belong to U,

for k € K is lower bounded with high probability by

il(Xi eUy)

i=1

Ex >p*Co(1+log(t+1) —log(to+ 1))

1., e(t+1)
> 5P Co log( P} ) . (EC.47)

Then, we apply the Chernoff inequality (similar to the analysis for (EC.11)) on >_7"_ | 1(x; € Uy):

o ]

~P (j: 1(X, €U,) < ip*co log (e(H P)) < exp (—116p*00 log (e(H D)) . (EC.48)

to + to+1

t

> X €Uy

=1

i=1 i=1

t
1
P (Z L(X; €Uy) < 5Ex

When Cy > 64/p*, (EC.48) can be further simplified as follows:
4
e(t+1)>> _ o+

t
1
P (Z ]].(‘XvZ € Uk) < Zp*C'o IOg (
i=1

to+1 Tet(t+1)*
1, e(t+1) (to+1)* 1
- <———— == : .
=P (|.A| < 4]) Co log< tot 1 )) < 64(t—|—1)4 250(t,t0) (EC 49)

Having proved these two probability bounds, we can combine (EC.45), (EC.46), and (EC.49) to show that
3
P {53|k‘ (S ICO} > 1— 5(50(7‘),150),
which implies that

P&} =P {Elk € K P {K.}+ TP {Elk € K} P (K.}
> P {83“{,‘ € K:O}IP {ICS} +P {g3|k € ICO}IP {’Co}
:IP{83|keICO}21—g(50(t,to), (EC.50)
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where the first inequality uses the fact that P {&;]|k € K.} =1>P {&;|k € K, }. Finally, combining (EC.40),
(EC.43), and (EC.50), via union bound, we have

32
P ( ||grandem — girue||; < Sl >1—"500(t, o). (EC.51)
| Ak
Moreover, if we pick A to be small enough (e.g., A < min{somw};gp* —, 7683;:: }), then when event &3

holds, we have the following two results:

32ns\ 32ns - hp*k h nop h
_ L A EC.52
‘A|/‘C = 307260‘5Rmaxxmax|“4|/€ 4engaXxmax |A| 24 — 460Rmaxxmax ( )
32ns\ P2nsps 1 nopr__1 (EC.53)

|A|k = 76805Tmax| Alk  TTmax . m 2T 0T
from which the proposition follows immediately.
Proof of Proposition 5 Here, we will continue using the same requirement of Cy stated in (EC.35).
Because {M, (i)} for k € K is a martingale with a bounded difference of 1 per the definition in (19), we can

use My (0) to bound the value of M, (t) via Azuma’s inequality as follows:

P (M)~ M0(0) <~ S04 (0)) <o - ;”(t(f)l))
P (Mk(t) < ;Mk(O)) < exp ( é\ﬁfi) : (EC.54)

The M, (0) term can be stated as follows

t
=1
t
=) P(X;: Ui, &, Xi ¢ Ra). (EC.55)
=1

As {X,; € Uy} is independent of {€3, X; & Ry}, and {X; ¢ R, 1} is independent of {&>}, (EC.55) implies
the following inequality

M, (0) = ztjxp(xi €U)P(E)P(X, ¢ Ry )

i=1

> zt:p* (1—=500(t,t0)) <1 - 2?°> ; (EC.56)

i=1
where (EC.56) uses assumption A.3, Proposition 4, and the definition of e-decay random sampling scheme

When t > tq, we have

550 (tv tO) =

IA

4
10(to + 1) <% and (EC.57)

2,
etit+1)* — t

1
2’

where the second inequality uses ¢ > tq = 2Cy|K| > 4Cy. Inequalities in (EC.57) imply that

t

* *t

M(0) >3 pz = p4 . (EC.58)
i=1
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Finally, combining (EC.54) and (EC.58), we can show that the following inequalities hold:
“t “1)?/16
P (Mkof) < ]’8) < exp (_@)/)

8+ 1)
=P (Mk(t) < p:) <exp <(p*)fé/16>
~P (Mk(t) < p:) < exp (- %2?) 7 (EC.59)

where the second inequality uses ¢/(t+1) > 1.

Proof of Proposition 6 For clear expositions, we first state the following constants:

48 16 8
Ty > max lo , logd,2|K|Cy ¢, EC.60
0= {C1p* s (Clp*) p*Ch gd,2|K| O} ( )
6(192 )2 \2 2(192 )2 \2 2(192 *a)?X2  logd
Tl Z max { ( ‘S + a a) tru2€’0 2 ( ( ‘S + - a) truQE’O 2 ) ’ ( ° + e a) 2t’r?leog2 } ’ (ECGl)
(Kp* ming ;e s ‘ﬂkz ) (kp* miny ;e sk ‘ﬂkz ) (kp* ming ;e s |5k1 )
40X max P Ka
Aoog= — i EC.62
20 p*ra — 288s’ ( )

where Cy,C; are defined in (EC.35) and (EC.125) respectively. We further require a > % = O(s) in the

statement of this proposition, and then we can verify Ty = O(s?logd), Ty = O(82,s*logd), and Ay 0 = O(1).
Note that if the estimator ﬂ;"md"m is close to ,6;?“‘6 for all j € IC, then assumption A.3 implies that for x, € U;,
we can clearly separate E [R;|x,85*"4°™] and max,; E [R,|x,8;*"1°™]. Specifically, part 2 of Lemma EC.3

shows that under event &, the following inequality holds for any « € U, and k € K,:

h
E.[R,|x" Brndom] > rjnﬁzcEg[RﬂwTﬁ;a“dom] +35 (EC.63)

which implies
B[R] B") = max B[R, o] 8"
and for any j # k,

1
IEE [R] |$tT16;andom] < ]Ee [Rk |w:ﬁiandom} _ §h

Further note that the G-MCP-Bandit algorithm constructs the optimal decision set as follows:

- random random 1
1= {5 BRI 80" 2 ma R 5]~ 10

and therefore, for x, € Uy, the optimal decision set will be a singleton, i.e., I, = {k}, which suggests that
decision-makers will assign k as the final decision by merely using the random-sample based estimator
Brandom - Ag the event &, is associated with the random estimator using randomly collected samples up to
t —1 period, the set {x, : @, € Uy, 2, @, ¢ Ry 1} can be viewed as i.i.d. sample from the condition distribution

Px|xev,- Then, from Proposition 5, we have

P (Mk(t) < p*t> <exp (- (p*)2t> : (EC.64)

8 256
where {M, (i)} is defined in (19). As My (t) = Ecx [>,_, 1(X, € Up, &2, Xi ¢ Ru)|Fe) = Y0 1w, €

i=1

Ui, &, x; ¢ Re.r), the amount of i.i.d. samples in U, among the whole sample set for arm & up to time ¢ will
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be lower bounded by M, (t). Denote A and n as the set of i.i.d. samples belonging to U, in the whole sample

set and the size of the whole sample, respectively. The following two inequalities hold:

* *\2
P <|A| > p8t> >1—exp ( (2;5)6’5) and n <t. (EC.65)

If |A| > 2t and n <t, then we can obtain the following result:

1152s _ 144st  48sn
> > > . EC.66
> w2 Al WAl (EC.66)

Moreover, as t > Ty > 8(p*C;)~'logd, then, by (EC.65), we have |A| > C;'logd with high probability.

Combining this result with (EC.66) (i.e., two conditions required in Proposition 3), we have the following

result via Proposition 3:

16 16n.s whole
P (IIﬁWh(’leﬁ""elllz j'ff DR A) <61(n, | AL, Q)+ 82(n. | 4], A)

128 128s whole *t *
- (Hﬂ“‘ﬂe—ﬂ"“nl > 1255 | s A) <o (tBhe)va (nBEa). moen

p*K DK 8’
where (EC.67) uses (EC.65) and the fact that n <t in the left-hand side and the facts that d1(-) and da(-)
are monotonically decreasing in |.A| in the right-hand side.
When ¢t > Ty, (EC.67) can be further simplified. We use Lemma EC.4 in E-Companion with « =

(sp* min | girue | o |B572¢))? . ) .
2(192!1@*‘:)%2 . When t > Ty, we have t > 3a~!'loga~?!, combining with the nonnegativity of ¢, we
2,0

can show that

at >logt

(kp* min,; grre 0 |Btrue|)?
2(192s + kp*a)?A3

t (192s + kp*a)?X3

=L : : logt. EC.68
2 = (kp* ming; gerue >0 |Birue])? & | )

t>logt

2(192s+rp*a)?rZ ologd
T

Moreover, as T7 > we can show that when ¢ > T3, the following inequality holds

t 192s + kp*a)? X2 ,logd
t, (1925 +rpra) 20 28° (EC.69)
2 7 (kp* ming gue 5o |Bi)

Combining (EC.69) and (EC.68), we can verify that

S (1925 4 kp*a)®A3 ;(logt +log d)

= (f{p* Inini:lﬁtruel>0 |5itrue|)2
192 oot~ lood
= min |B;ﬁrue|>w Ao logt + logd —|—0g
i:|31§rue|>0
192 logt+logd
= min |ﬁ;ﬁrue|2< s ) log? +logd -l-og
| Birue| >0
24 logt+logd
= min 8> (2 ) gy IS -
i:|ﬂ$rue|>0 ‘A|

24
= min |ﬁ§“‘e|2< ns L

i:|BIrue|>0

. (EC.71)
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where (EC.70) uses |A| > 2% and ¢ > n and (EC.71) uses the definition of Ay, = Xa o -+/(logt +logd)/t. Now,
=& so that we have

we use the set S; in the Proposition 3 by setting A = A, ;, which directly implies that S;

S/8; being the empty set and
Y =0. (EC.72)
Hence, when t > Ty, we can use (EC.72) to simplify (EC.67) into
128 “t *t
P ([|8v — girve|, > 5¢ <o (¢, L)C +85 (¢, L,Az ). (EC.73)
PR 8 8
Finally, we will show that when ¢ > Tj, the following two inequalities hold
2 t¢?
—+2 —_— EC.74
o (15506) < g+ 2o () (BeT
p*t 8
Og [ t,—, A <——0. EC.75
(5 e < (BC.75)
i i = Cig*, we can

Let’s first establish the first inequality (EC.74). Via Lemma EC.4 in E-Companion with o =
()0}, we have 1"t > logt = 42"t > 2logt, which implies
2
(EC.76)

exp (~CilA) <o (-1 5t) < <
where the last inequality uses the fact that t72 < 2(¢ +1)~2 holds for all ¢ > T > 2|K|Cj > 3. Combining
(EC.76) with the definition of 61 (¢, |.A|,(), we will reach (EC.74). Next, we will show the second inequality

show that because t > Ty > max { 5

that

doZmaxp ke e can show that

(EC.75). When \p o = “Zmasloee,
ot tho  logttlogd (1 144s)°
Sa(t, =, Aay) = 4d 2
2(7 ] ’ 27t) eXp( 20 zx?nax t 2 p*ﬁa’
=4dexp 16023, (p"ra)? t 10gt+10gd 1 14ds
(p*ka — 288s)? 202xr2nax 2 prra
4
=<

=4exp(—2(logt+logd) +logd) <4dexp(—2logt) < 2 (t+ CEVER

where the last inequality still uses the fact that t=2 <2(¢+1)~2 for ¢ > 3. Combining (EC.74) and (EC.75)

we have

pt pt 10 12
t,— t,— <—=+2 — |- EC.
1<, 3 74)4—52(, 3 ,A) (e + sexp< 50727 (EC.T7)

Proposition 6 directly follows by combining (EC.67), (EC.73), (EC.77), and P(£5) < 580(T, o) from Propo-

sition 4.
Proof of Theorem 1 We divide the time, up to time 7', into three groups and derive the cumulative

regret bound for each group separately. Consider the following three groups

1.te{{t: (X, R) ERy, ke K}U{t <Tp}}.
2. te{{t:(Xs,R;) € Ri, ke K,t >Tp} N{E doesn’t hold}}

3o te{{t: (X, Ry) ¢ Ri, ke K,t>To}N{E; holds}}.
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In this proof, we follow the same choices of Cy = O (s logd) in (EC.35), Ty = O(852 s%logd) in (EC.61), A\; =
O(s™1) in (EC.36), oo =0O(1) in (EC.62), Ty = O(s?logd), and a > 1522 — O(s). Beside the requirements

P*K

for Ty in (EC.60), we also require that

125A2,0\ 2 12sA 2 125X 2 /10240e7 maxg . SAa 0 2
TOZmax{to,(m) 10gd,3(5872’0> log<5 5 2’0> ,( 024ge Tmax 2’0> logd,
D*K

DK DK DK
3 ( 1024o—€gmmixxmaxs>\2,0 ) 2 IOg ( 10240’60I11‘ixxmax8)\2,0 ) 2 }’ (EC78)
Pk Pk
and T} remains on the order of O(s%logd).
e Regret in part 1:
Denote the regret for the first part as R;(T), and we have
T
Ri(T) < Ruax (Z 1((X,,R,) €Ry,keK) + T0> < Runax (Z IRy| —|—TO> , (EC.79)
=T keX

where |Ry| is the cardinality of R. From Proposition 2, when tq = 2C|K| and Cy > 20 , we know that

P (|Ri| < 3Co(1+1og(T) —log(to))) =1 —0(T',t0)

=P (|Ry| < 3Colog(T)) >1—60(T,to), (EC.80)
which implies
P <Z |Re| > K| - 3C, log (T)) <Y P (|Ri| >3Colog (T)) < |K|6o (T to). (EC.81)
ke kel

We then combine (EC.79) and (EC.81) to bound the regret in part 1:

Rl (T) S Rmax <Z |Rk| +T0> S Rmax (Z |Rk|> i (Z |,R'k‘ > 3CO‘K| IOg (T)>

ke kek ke

+ Rmax (300|IC| log (T)) P (Z |Rk| < 3CO|’C| lOg (T))
keK

+ RmaxTO

S RmaxT|IC|5() (T, to) —+ RmaXSCO|IC| log (T) —+ RmaxTO

< 2Rpmax|Kl(to + 1) + 3RmaxCo|K|log T + RuaxTo (EC.82)

< 3CoRumax|K|log T + 5 Ryax |K|Th, (EC.83)
where (EC.82) uses T0o(T, o) < (T'+1) i(z"Tfl); <2(to+1) for T >ty and (EC.83) uses (to+ 1) < 2ty < 2Ty
and || > 1.

e Regret in part 2:
Denote the cumulative regret for the second part as Ry(T'). From Proposition 4, at time ¢, we know that

. h
P (||ﬁ,’f“d°m — B < mln{gz oo R x }) >1-"500(t,t0), kEK

where &;(t) denotes the event & at time t.



eclb

Therefore, Ry(T) can be bounded as follows:

T T
Ry(T)<Ex.| Y. 1(&2()°) Runax | = Rumax Y, P(E2(i)°)
i=To+1 i=To+1
T
= Ra(T) < Ruax Y 5|KI00(i o)
i=To+1
<5Rmax|K:|/ (50 ’L to d
-1
1
—loRmax“C‘/ :(];)dl
7, eti+1)*
1 1 4 |T-1
:_ﬁRmx|K|. M
3 et(i+1)3
_10 4 4 —3_9 -4 4/7m\-3
= 5 ¢ " Runaxl K| (fo + 1) (To +1) 3¢ Runa K| (0 +1)4(T)
§2Rmax|]C|T07

where last inequality we use 2e~* < 1 and (to +1) < 2ty < 275

e Regret in part 3:

Denote the cumulative regret for the third part as Rs(T). We first consider the case where T'< Tj. By
the second part of Lemma EC.3, it is direct to show that the optimal decision set II; constructed in the
G-MCP-Bandit Algorithm only contains arms in the optimal decision subset K,. Without loss of generality,

we assume that arm 7 is the true optimal arm at time ¢. Then, the regret at time ¢ can be bounded as follows

regret, < Ex

S (g = argmaxE, [Rk|XTﬁWh°1e]> (E[R:| X, 8] — E.[R,| X[ ﬁ;me])l

JEIL;

<Ex <Z L (B[R;| X, 87" 2 B [R| X[ B7F]) (B [Ri| X[ 8] — B[R, | X, 87])

J#i
(EC.85)
We then denote
E(t, 0,01 = { BRI X[ B™] — E.[Ry X[ B € [wd,, (w+1)5,)} (EC.56)
where k#£ i,k € K,,w=0,1,..., and §, > 0. Then, we have the following bound:
regret, <Ex (Z ST (B[R, |1X] B = E[Ri| X B} N E(t w, 8,)a) (w+ 1)&)
w=0 j#1
wr s (*)
=Y (w+1)8, > P ({E[Ry| X, 8] > B[Ry X, BI™I} NE(t,w,6,)a,5), (EC.87)
w=0 JFi

where wi ; = [ Rmax/0: |. Now we consider the (*) term in (EC.87), which can be bounded as follows:

) <Y P ({ER X[ 8] - B[Ry X[ 8] > Ec[Ri| X[ 8] = Ec[Ri| X[ 8™ + wd, } NE(H,w,6,)a,5)
JFi
<Y P ({|ER X[ By — B[Ry | X, By + [Ec[Ri| X, 8] — E[Ri| X[ BI™°]| > w, } NE(t,w,84)a5)

JF#L
(EC.88)
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where the first inequality uses the fact that E.[R;| X, 8{"™] — E.[R,| X, B{"°] € [wd,, (w4 1)d;) when event
E(t,w,d;)s,; holds. To simplify the notation, we denote A; = @yPele — girue for k € I1,. Combining (EC.88)

with the first part of Lemma EC.3, we can show

wo
<P ({10180 > T | e 0. 004,)

max oe
I
=> P 1180+ 1A > we P(E(t,w,01)4,) (EC.89)
o il =R oermmaxmax{IA; T A Y P ‘

where the last equality uses the fact that in A; and A;, the terms 3" only depend on historical samples
upto t — 1 (independent on ¢ step’s information), which implies their independence on £(t, w,d;)4 ;-

Denote event & (; ;),.(w) as follows

. 'U)5t . U)(St
) ={ {1ah zmin{ g0 bz min {

(£C.90)
Then, conditioning on &5 (; j)«(w), the right hand side of (EC.89) can be transformed into
wo,
2P ( A5l + Al = R geomman max {185 11,1511 7 )P(g(t’w"st)‘*’f)
JFi
wao
=) P ({HA 1+ 1A = Rmaxaemmaxmax{ntAjul,|\Ain1}x }ﬂg"’ (e >P(5<t’w’5t)4’j)
JjFi
wé .
+ZPGMm+mm_mwwmwwlew;} &Wt>>MW%®%
J#i
wo
SZPGMm+Mm FN P -y TR P e }me )MW&ﬂM)
JFi
wé .
FP ({1asl 1800 2 ko0 (0) ) P 0. 8)0)
J#Z max max
wd
=>.P ({”A [+ Al = R eovmas A . } 055’“’1)"5(1”)) P&t w,00)4,)
JF
<Y T P(Es i) (W) P(E(tw, 64)a ;). (EC.91)
JF

We first bound P(Es (; 5),.(w)). As Es (;,5),.(w) holds automatically for w =0 (i.e., P(&5,¢:,),:(0)) = 1), we will
discuss the remaining cases where w > 1. As the optimal decision set II, only contains arms in the optimal

decision subset IC,, from Proposition 6, for ¢t > T}, we have the following inequality for k € IC,:

128s¢  128sp5i0s 10 #2
||Ak||1 Z P + o 1t)\2t <5§0(t7t0)+(t+1)2+2sexp< 221:2) . (ECQ2)

P¥K

2
Combining (EC.92) and the choice of T, (i.e., To > max { (512“2’“> logd,3 (512912 ”) log (512“2 °) }), we
can ensure max; ||A;||; <1 for all ¢ € K, with high probability for ¢t > T,. To see, note that by setting ¢ = Ao,

and using the fact that pgf;)}gek <1, we can show that (EC.92) implies
1,t

25652+ 10 tAZ,
g <||Ak|1 2 I?*H) <5d0(t,t0) + (EE + 2sexp ( W

max
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2565\ [logd + log t 10 A3,
P (Aklh > DR <550(t to)+m+28€)§p —m
2565\ lo logt tA2
P (1o T (2E e ) ) e e ()

A3,
5 EC.93
Hese xp( 20212 > ’ ( )

max

=P (| Axlls > 1) <560(t,to) + m

where (EC.93) uses the facts that m ted < 1 (because t > Tp > (51?%) logd) and 2565A2 0,/ t8t <

2 2
% (by setting o= ( ) and then using Lemma EC.4 on ¢ for t > Ty >3 (%) log (M> ).

512\5)\21 p*K
We then consider the case with upper bound 5——%%— instead of 1 on ||Ag|l;. If we set ¢ =
2 Rimoax e max Tax
—1 p* K logt+logd _ 512Rmax0e” P MaX zhnax Ao o
Cps™ wéy, where C) = gmp——ortot———, 0 = C), 5,/ =555, and C, = e ;

then we can show that the right-hand-side within the IP(+) term in (EC.92) can be upper bounded as follows:

128spwhole
1285 psk/sk 1285 1285 Prmax
. < + )\2,,5 S . < + *p AQ,t
DK DK DR DK

712850;,5‘111)0 s (logt+10gd)/t 1285pmax

A2t

128sw /logt + logd 1288,0max [logt + logd
= A0\ ————
pr 1 +pmax ’ t
128 2w [logt+ 10 d
- + Pmax | * )\2,0 + S s g
P*E \ 1+ pmax t

128 2w
= ———— 4+ Pmax | A C -0y
( 1 + Pmax P ) 20

_ 1 pmax U}dt
C \ 1+ pmax 20 ) 2Ripax0e€7Tmex a0y
Note that

1+p -+ fmex where pmax € [0,1] and w > 1, can be upper bounded by 1. To see, we first take the

derivative of 1 -+ 2oax w.rt Pmax t0 have —

R Ifw > 2, then —

(IT SE + 5. is non-positive

(1+ﬂ

for pmax € [0, 1], which means that p,.x =0 is the maximizer for -+ L e which gives the maximum

1+p

value of 1; if 1 <w < 2, then will be first negative and then positive for pyax € [0, 1], which

1 41
(14pmax)? + 2w

means that 7 +p + fmax will be maximized at either py.x =0 or pmax = 1, both of which give the maximum
value of 1. Therefore, P — +p -+ £oex js upper bounded by 1, which implies that
1288pwhole
128 sk sk 1)
% [ty < wor . (EC.94)
p*’% p*K’ ’ 2Rmax0e'”~'maxg:max

Then, using (EC.93) and (EC.94) for both ||A;|; and ||A;|]1 for w > 1, we will have that for w > 1,

. 20 C*tw?67 t\2
P(ES,(i,j),t(w)) Sm1n{1,1050(t,t0)+WeraX{llseXp ( 250’23’;2) ,4sexp < w{j;)}}

max max

C2tw?67 A3,
+dsexp | —=—~2——— ) +4sexp | —=———] ;. (EC.95)

242 0’2.%‘2 20242

max max

. 20
< min {17 1050(t,t0) + m
Note that (EC.95) also holds for the case when w =0, as we have (€5 (; ;,.(0)) = 1 and 1080 (t, o) + ﬁ +

C2 w262 C2tw?s2

4sexp (—W) > 4sexp (—W) =4s5>1.
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Furthermore, by assumption A.2, we have
P(E(t,w,01)a,7) < CRupax (14 w)d,. (EC.96)
Hence, via (EC.91), (EC.95), and (EC.96), we can show that

#) <Y P(Es (1) (W) P(E(,w, 81)a)

JFi
) 20 C2tw?} tA2
SZmln{l,lOéo(t,to)—F(t+1>2+486Xp< 220{EZ> +48€Xp( 222275>}-0Rn,ax(1+UJ)5t.
j#i max max

Accordingly, the regret bound at time ¢ can be rewritten as follows:

w1, ¢
20 C2tw?o7
I‘egret <ZO w+1 (;mm{l 1050(t t0)+(t_i_1)2+4sexp< 2820'11}31“”(>
w J7

tA3
+4S€Xp ( 222;)} CRmax(l"‘U])(St)

max

tA2 + . C2tw252
+4sexp ———— | +min< 1,4sexp —

o212 2522
2xmax 25202z

wi,¢

20
< 262 -
_CRmax"C|w§:0(w+1) o <105O(t’t0)+ (t+1)2

(a) (v)

20 t)\2 w1t wo,t
< CRmax|K| (1060(t7t0) + e +4sexp ( 202;;)) Z(l +w)?62 + 2(1 +w)?6}

max w=0 w=0

(e)

- Crtw?67
2
+ Z 1+U} (5 sexp( 2520'21'2) s
w=wg,1+1 max
(EC.97)
where wg ; = L %J Next, we will bound part (a), (b) and (c) separately:
20 tA3
)< <1050 (t,t0) + [(E)E +4sexp( 22;;)) (1+wy,)(1 4wy ,)?6?
0 logd+logt
— (1080(t.t0)+ s +asenp (N0 BB ) ) (1w )1 )8
20 (p*ra)? 262
= ]_0(50 t to +1) +4S€Xp 8(1)*/4;(1/——2888)2(10gd+10gt) (1+w1,t)(1+w17t) 515
20
= (1050 (t,to) + (e +4sexp (— 32(logd+1ogt))) (1+wy)(1 4wy )26}
(1050 (t,to) + S )53(1+w1,t)3 (EC.98)
24 R °
1080(t, to) 61+ —=2+1
< (10nte10 g ) (10 5= 1)
(1050 (t,t0) + e ) (3Rumax)0; (EC.99)
540R3 | (to+1)*  648R3

max E .1
S T, i1, (EC.100)

max
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where (EC.98) uses s <d and t? >t + 1 when ¢ > 1, and (EC.99) uses R‘(;—‘:”‘ >1 for t > T, which can be

shown in the following analysis

logd +logt
5= Gy 2B !

log d + log T¢
< T

logd log Tt
<C,s %+0pls %0
512Rpaxoe?@maxg o Aog [logd = BI12R.c0e”™maxg . Aag [logTh
S —S —+ s
D*K Ty DK Ty
Rpax  D12Rac0€e%™xz .. 0o [log Ty
< : EC.101
= + o s T ( )
Rmax 512Rmaxo—eazmaxxmax>\2 0 p*H
< : EC.102
- 2 + D*K <1024oe”max TmaxSA2,0 ( )
1 1
< 7Rmax 7Rmax = Rmax7
-2 + 2
where (EC.101) uses the fact that T > (1024“”‘:?;1"“"”2’0 )?logd and (EC.102) uses Lemma EC.4 (by using
TTmax g s 2 oceTmax g s 2 . * 2
the fact that Ty > 3(1024“ P— A“) log (1024 P A“) and setting o = (1024“”&:%“”2’0)

to show a1} >logTy). Next, we can further upper bound part (b) and part (c) in (EC.97) as follows:

(b) < (1 +wo,)(14+wp,)?67 = (14 wo,.)67. (EC.103)

w1, 2,52
¢) < 16562 w? ex % cw?
( ) > t Z p

T 9e2,2,2
w=wq,¢t+1 2s%0 Timax
C2t62 b Coto;
<1680 | (o, 0Pexp (-~ an + 02+ 30 wtewn (g
max w_wﬂ,i+2 max

(e1)
(EC.104)

. ITog(4s)520 %22 21og(45)s207 22
Let’s consider (c1) and (cz), separately. As wg, = L %J, we have 1/% <wo,+1,

which implies

2
C?t5? C?t5? 2log(4s)s202a2
P t 2 P t max
—— 1) > . =log(4s) > 1. EC.105
2520232, (wo,r +1)° = 2520222 (\/ C2t6? og(4s) ( )

Combining (EC.105) with the fact that the function xexp(—x) is monotonically decreasing for x > 1, we can

show that
Cytor 2 Gyt 2 log(4s)
g (ou 1 exp (g s 1)) Sloglds) exp( o) = 5
cotoy so?x2  log(4s)
- 2 t 2 max
=(c1) = (wo, +1)“exp <—232;2$12nax(w07t +1) > < W (EC.106)
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Similarly, as the function z?exp(—x?) is monotonically decreasing for x > 1, we can upper bound the (c3)

term as follows:
wi,t
: C?t6?
@)= 3 e (g v)
o ) C2t67 w2
< w” exp 72- dw
wo,¢+1 25 U xmax

/w:‘x’ 20w} p C2to} )
— — W - e W
wewo s 41 C2t67 P\ T2 02x2

_ s%o%al C2t67 o\ st [ C2t67 o2
= Cmpr (WostLew ( 35707gz (Wout 1) ) MY / aor ( asgrz W) dvw
P max p wo, ¢ max
(EC.107)
520222 wo +1 Feo w C2t67 o2
_ 2 [ wo, w _ Gty 2y EC.108
- 02t52 ( 4s " [uo,t+1 Wo,t +1 P 25 o mi}ax v ( )
820-2‘r12nax wo+1 N 1 s20%?, C2t62 (s 4 1)?
C2t5? 4s wo+1  C2t67 P\ Tos a%:fnax o
so?z? ([ wo.+1  sPo?x? 1
= 02t52 4s C2t52 4s
O‘ 2. 5202x12nax
= 1207 (wo’t T o > ’ (EA00)
p p

where (EC.107) uses the integration by parts and (EC.108) uses (EC.105) and w > wq; + 1 > 1. Combining

(EC.104), (EC.106), and (EC.109), we have

slog(4s)o?x? o222 s?0?x?
<16 52 max max 1 max
(c) < 1650, ( aczter oz \"0 T T T
dsox ( s?0?z?
= _ 450 T 2slog(4s) +wo s+ 1+ —52= | . (EC.110)
Cc2t C2to7

Then, combining (EC.97), (EC.100), and (EC.103), (EC.110) with 6, = C,, s/ 284124 we can show that

540R3 . (to+1)*  648R3 450222 5?0222
t, <CRmax|K max max 1 352 4 77 _Tmax [ 94)g0(4 14 2~ “max
regret, < \ |( t+146t +(t+1)2§t ( +w0,n) ;T Cgt slog( s)+wo,t+ + Cgté,?
540R3 . (to+1)* 648 R3 1+wg,)?-C? s?(logt +logd
= CRnax|K]| meslfo £ 17, mex 4 {und) ~ et e
t+ 1 C .5 logtﬂt—logd (t—|— 1)2 . Cpls /logt-&t-logd
450 x2 s?o%x2
0275 2slog(4s) +w0t+1+C§tC§S (logd+logt)>>
< CRoK] 540R3 (o +1)*  t1/2 648R§nax /2 N (1+wo,.)?- C? s*(logt +logd)
- e*C,, sv/logd (t+ 1) C'ms\/log (t+1)2 t
430 o2z
max 2 1 4 1 max
c2t ( slog(4s) +wo,, + +703C§1 10gd>>
540 (to+1)* t/2  648R3 /2 14+ we.)3C? - s%(logt +logd
<CRmax‘K:| rnax 0+ ) T+ max +( O,f) P ( g g )
etC, sy/logd t C,, s\logd t3/2.\/Th+1 t

slo S w, 55
C2t B o C202 logd
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4 3 D4 Cs+0C2 (1+ 3s%logt
BA0C R} 1y (to +1)* | O3+ CCF (14 wo,)*s” log ) (EC.111)

< Rmax ’C max
- Kl <e4Cpls(1og1/2 d)t7/? t

where

648CR3
Cs= max +CC2 (14w, )’s* logd +
" Cosllog )Ty g1 | e

4Cso?x? 07T
073 (25 lOg(4S) + ’wo,t + 1 =+ CW) .

(EC.112)

Hence, the third part of the regret can be bounded as follows:

T
R3(T)< ) regret, -P(E(t))
t=Tp+1
T
540CR3, (to+1)*  C3+CC? (14 max,<r wo,)>s*logt
< > Rmax|IC|< - LR oL 1< Wo,e
etC,, slog™/“dt”/ t

t=Tp+1
T 54OCR3 t 1 4 C + 002 1 4 max w 382 10 "
S Rmax|’C| ( max( o+ ) 3 Pl( t<T O,t) g ) gt

T e*C,, slog!/? dt7/2 t

1 3 1)* T
< Ry IK] < 080C R, (to+1)

5e4C,, s(log"/? d)t5/2

+ 03 lOgt + 00921 (1 + r,flgawao,t)g)sQ 10g2 t)

To
1080CR3.._(to +1)*
< Rmax“d < 640 10g1/2 d)(T )5/2

Cy( t0+1 + C5log T + Cs log? T)

+ CslogT + C’C’g1 (1+ rtngawao,t)352 log? T)

S Rmax|K:| (
< Ruax| K| (2C4T0 + C5log T + Cs log? T) (EC.113)

where we set

o 216CR,,(t+1)°
tTet0, s(log" % d)(Tp)5/2

Cs=CC2 (1+ Itn<a7>1<w07t)352 (EC.115)

(EC.114)

and to < Tp. As we set tg = 2C|K| and Cy = O(s%logd), which implies Cy = O(1). Moreover, as wq, =
{ %J < {, /%J =0(1) and C, = O((1 4 pmax) '), we can directly show that C3 <
O((1 4 pmax)?s%logd) and Cs = O(s?).

Next, we consider the other case where T' > Tj. Via proposition 6, we know that when T > T}, for all
ke, St,=8"= psr sy, =0. In this case, we can restate (EC.92) as follows

1285¢ 10 t§2

max

Then, by setting ¢ = C,s~'wd,, via the similar analysis to (EC.94), we can show

128s¢  128s PR
PR PR . 256 Riax0€7max oy (1 + prax) .
B 1 wo,
T 1 Pmax 2Rimax0€7 mes 2
wd,

s wd,

— )
2Rmaxaeaxmax xmax

which implies that (EC.95) still holds and we have the same separation as in (EC.97). The analyses for parts

logd

(a), (b), and (c) remain unchanged. As we choose 6, =C,, s , which is different from the choice in the
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T <T; case where §, =C,, 54/ %, the regret, calculation will be slightly different from the analysis for
(EC.111). In particular, we can show that

540R3  (to+1)*  540R3 4so?x? s?0?z2
regret, < C'Rupax|K| ( it + 1)70, + GT1)2, +(1+w0‘t)355+w 2slog(4s)—|—wo,t—&-1—1—6(271@2
p p

540R3 t 1 4 540R3 14w 3.02 3210 d
= ORmaX"C| max( 0 + ) + max ( O,t) p1 g
2.2

+
eA(t+1)4-C, s0/18 (t+1)2-C, 5/ 2282 t
4so°x

52022
+7C§t 2slog(4s) +wo .+ 1+ —C’ftCZl SQ(IOﬂ)

t

< R [K] 540CR3, (to+1)*  C3+CC2 (14 wp,)>s?
- e*C,, s(log'/? d)t7/2 t

(d)

(EC.116)

When comparing (EC.111) to (EC.116), we can show that the logt term disappeared in the (d) term.
Therefore, following similar analysis as in (EC.113), the third part of the regret, when 7' > T}, can be upper

bounded as follows:
R3 (T) S Rmax‘lc| (2C4T0 + (03 + 05) IOgT + 05 1Og2 Tl)

Finally, the total regret bound can be obtained by combining the bounds from all three parts: when
T <Ti, we have

R1 (T) + R2 (T) + Rg (T) S ?)CoRmax|IC| IOgT + 5Rmax|’C‘T0 + 2Rmax|’C|T0 + Rmax|K|(2C4TO + 03 lOgT + C5 1Og2 T)

= Runax| K| [(3Co + C3)log T + Cs log® T + (7 + 2C4) Ty
= O(s*(logd+log T)logT);

when T > T7, we have

Ry (T)+ Ry(T) + Rs(T)

< 3C) Runax | K108 T 4 5 Runax | K| To + 2 Runax | K| To + Runax | K| (2C4 T + (Cs + Cs) log T + Cs log? Tt )
= Runax|K| [(3Co + C5 + C5) log T + (7 +2C4) Ty + Cs log Tt |

=O(s%logdlogT).

Proof of Theorem 2 We adopt the FISTA method in Beck and Teboulle (2009) as the Lasso solver in
the 2sWL procedure. For completeness, we first present the FISTA method in our settings.

FISTA Method:
Require: Loss function £(3), penalty parameter A, total iteration number ko > 1,
initial solution Bg, and step-size lj.
Step 0: Set y; =, t1 =1, and k=1.

While k < ko
2
. =argming {Nlgl + & 8- (v - £ve@0) [} )
14+ 1+4t%
lep1=—5—

Y1 = B + ttz: “(Be — Br-1)
k=k+1
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The major computation cost in FISTA is from part (x), in which we need the full gradient VL(yg). By
definition, we have £(8) =1 >>"_| f(R;| X 3). Hence, to evaluate each VL(yx), we need to compute O(dn)
scalers multiplication. Let B* be the optimal solution, B¢ be the initial solution, and the Theorem 4.4 in

Beck and Teboulle (2009) implies that for any k> 1

(EC.117)

_ 3*||2
£(B) + MBulls — £(B7) + A|B°[L < O (Lﬂﬂoﬂﬂa) |

(k+1)2
where L is the Lipschitz constant of £(3) function and will be on the order of O(xmaxbd). Therefore, to
achieve e-optimal solution, the required total iterations ko will be on the order of O(Zmaxb||Bo — B*[|3¢1/?) =
O(Tmaxb®e™1/?), where we use [|By — 37|32 < 4b*d? by using ||3]|; < b for all feasible B in assumption A.1.
Therefore, the total computational cost for running FISTA becomes O(x,axb>dne=1/2). Note that at step
T, each arm can not be pulled more than T times, so the maximum computation cost of FISTA will be
O(Tmaxb®d*Te1/2).

Next, we will upper bound the total number of the FISTA method called by time T'. At each step, the
G-MCP-Bandit algorithm will require to update @i2rd°m and @Byhele by 2sWL for k € K and each 2sWL

procedure will need to run FISTA two times. So the average computation cost will be

: 1 S 37, —1/2 3 g4 —1/2
Average computation cost <O <T . Z Z 2% ax b dte = O(|K|xmaxb’d*Te™ /). (EC.118)

keK t=1
Next, we consider the long-run computation cost. We can reduce the computation cost with a warm start

from the previous step. Via Proposition 3, we can show that with high probability, for 7' > max{T},¢3} and

(= 621%*5”, the following inequality holds:

(T +1)(e*pr)?
51252022

10
P (”ﬂMCP_ﬂtrueul Sei) 21_7_26}(1) (_

(T+1)2 —Hogs) - (EC.119)

102452 log(s)o?ax2, = 6144520222 2048525222, o 2 12 .
Moreover, when T > max{ TR T R ) T log e = O(s?log(s)e ), via

Lemma EC.4, we have
(T +1)e' 2 (prw)? (T +1)e' 2 (prr)?
1024520212 1024520212

T 1 1/4,,% ,.\2 1

512520222

max

>log(s) and

>2log(T+1)

Combining (EC.119) and (EC.120), we have
P (||BY°F — 8™l <e'/*) >1-0(T?) (EC.121)

and via Proposition 5 and Lemma EC.2 in E-Companion, we can show that for T'> O(s?logde~'/?), similar

result holds
IP(”I@lasso _ I@true”1 < 61/4) > 1— O(T—Q) (EC122)

Note that (EC.121) and (EC.122) imply that for large enough T, both previous step solution and current
step solution are close to B'*¢ with high probability. If we use the previous step solution to initialize the

FISTA algorithm, then we have

180 = B7115 < [1Bo = B°[IF = 1B — B™ + 8™ = B”I}
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<2[Bo - B[ + 218" — B3
<4e'/?, (EC.123)
where the first inequality uses (a + b)? < 2a? + 2b%, and the last inequality is because 3y is initialized with

previous step’s solution and B* is the current step’s MCP solution. Therefore, the results in (EC.118) can

be improved to O(|K|zmaxbd?T).
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EC.2. Appendix: Supplemental Lemmas and Proofs

LEMMA EC.1. Let n be the size of the whole sample set and A be the random i.i.d. sample set consisting
of X eR? for ke K, and X € Uy, for k € K,. Under assumptions A.1, A.4, and A.5, when |A| > Cy*logd,
the follow inequality holds for all feasible & and u such that ||use|1 < 3||lus||1:

P (|2f:l: |us? < uTv2£(§)u) >1—exp(—Ch]A|), (EC.124)
where
Cy =min {1, &%/ (19250522, ., (2+ \/Exmax))Q} ) (EC.125)

Proof of EC.1 Let L4(B) be the loss function with the sample set A. Denote Z; = X,/ f, (R;| X/ &),
where we replace 7 and y in f (r|y) by R; and X & respectively. We then can present V2L 4(§) as follows:

VELAE) = T XX (RX]6) = 2,2
JEA JEA

As all realization of X is element-wise bounded by ., (see assumption A.1) and f;’y(rj|cc;£) < oy (see
assumptions A.4), Z; is element-wise bounded by || Z; || = HX] T (R;1 X €) H < V02%max = Zmax- Lhen,
we use Bithlmann and Van De Geer (2011) to build the connection between the Sa;ple matrix ﬁ Z]. enZ;Z]
and its population counterpart IEZ[ZJ-ZJ-T]. By setting K = zmax and 09 = v22max in the exercise 14.3 in
Bithlmann and Van De Geer (2011), for ¢ > 0, we have

ﬁ Y Z,Z] ~E4[Z,Z]]

2 d
P ‘ 22zfnaxt+4zfnaxx/f+\/§zimx)\(‘[7|A7(2)> <exp (—|Alt),

JEA - 2
(EC.126)
where ) (g, 1Al (g)) _ /210g(‘¢§¢‘1—1)) | Zmax 1oi§c|z(d_1)).
When |A| > C; ' logd and t = C; in (EC.126), the following inequalities hold:
2z12naxt + 4’21211;1)(\/E = 2Zr?naux(jl + 4Zr2nax V Cl
<622..VCh (EC.127)
V2 d 2log(d?) = zmax log(d?)
3 2 A Ay A , <4/8 2 max
4logd = 2zpmaxlogd
= V82 +
< VIRV )
S \/ngnax (2\/ Cl + 2zmax01)
<AV222 | (14 Zmax)V/Ch, (EC.128)

where in (EC.127) and (EC.128) we use the fact that when C; <1, we have /C; > C;. Combining (EC.127)
and (EC.128), we have

22r2naxt + 4Zr2nax\/%+ \/ézrznax)\ (?7 ‘A|? <;l>> S 2Zr2nax (3 + 2\/5(1 + Zmﬂx)) \% Cl

<6220, (2+ Zmax)) VC1 < 3% (EC.129)
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where (EC.129) uses v2 < £ and C; < k?/ (19250222, (2+ \/Exmax)f. Combining (EC.126) and (EC.129),

we have

T T < Vs exp(— . .
P |A|ZZZ ~E5(Z,Z]]| <o 0> 1-exp(-CilA) (EC.130)

JjEA

By the definition of Z;, we can verify that Ez[Z,;Z]] =Ex .[f,,(R;/¢" X;)X;X]]. Via assumption A.5, we
have restricted eigenvalue condition holds for Ez[Z;Z]'] with parameter x. Combining (EC. 130) with the
Corollary 6.8 in Bithlmann and Van De Geer (2011), we set A = = in Corollary 6.8 to show IAI Y ienZiZ]
also has restricted eigenvalue condition with parameter /2, Wthh implies

( ||u$||2— |.A| ZZ ZT) >1—6Xp( Cl‘AD

jeEA

=P (S llusl? < u V2LAE)u) = 1 - exp(—~CilAl). (EC.131)

Note that for any realizations {x;,r;} of {X;, R,}, we have

u V2L, (E [ Zx]fo” (rjle] &) | u+u” Z zix] [l (rilx] €)| u
JEA JG(A)C
l ijfo” Aw?ﬁ)}uz'ﬁuuTvgﬁA(&)u. (EC.132)
jeEA

The desirable result follows directly by combining (EC.131) and (EC.132).

LEMMA EC.2. Let n be the size of the whole sample set and A be the random i.i.d. sample set consisting
of X eR? for k€ K, and X € U, for k € K,. Per assumptions A.1, A.4 and A.5, when |A| > Oy logd, the
follow result holds with probability at least 1 —exp (—Cy|A|) — 2dexp (7%)5
2415\

|Als
where (3155 s the lasso estimator and Cy is defined in (EC.125)

H/@lasso _ ﬁ‘crue”1 S (E0133)

Proof of lemma EC.2 We first show that [|Bassc — giue||; < 3||@lsse — guue||; holds. As B2 is the

optimal solution, we have

£(181asso)+)\‘|ﬁlasso||1 SL(/@true) +A||160trueH1

L(Iglasso) _E(Btrue) +)\Hﬁlasso”1 S A”ﬁtrue‘ll (E0134)
Vﬁ(ﬁtrue)T(lglasso 7ﬁtrue) +)\H[31asso||1 < A”ﬁtrue‘ll (EC].35)
_”v£</@truc)”oo”/61asso _/Btruc”1 +)\H/61asso||1 < /\”ﬁtruculv (EC]_?)G)

where (EC.135) uses the convexity of £(3'%%5°). Denote event &, as follows:

&= {||V/3(ﬁ““e)|loo < ;A} . (EC.137)



ec27

Under &, (EC.136) can be further simplified into

1 550 rue asso rue
B2 = Bl A8l < AIB™ |
1 550 rue asso rue
—5 187 =By 4 187 < 187l

||I61a550 o true”1 o ||ﬁ]asso _ true”1 + ||ﬁlasso‘|1 + ||51a550”1 < ||ﬁtrue||1 4 ||ﬁtrue||1. (EC].38)

As Bi1° =0 by definition, we then have

||ﬁ]asso _ ‘crue”1 _ ||161a550 o 0”1 < ||I6true|| 40
||ﬁlasso _ true” - ||131a550 o

7||ﬁlasso _ ‘crue”1 7||ﬁlasso _ trueHl + ||l8trueH1 ||ﬁlasso”

||ﬁ]asso _ ‘crue”1 < 3||ﬁ1a550 _ trueH (EC]_?)Q)

_ true” <||I6true|| +O

Then, by Lemma EC.1, we obtain

P ((ﬁlasso o IBtrue)TVQE(E)(BlaSSO _ ﬁtrue) | ‘ H/@labso _ true||2) 2 1— exp (*C1|A|) . (EC].40)

Now, we turn back to (EC.134) and use the Taylor expansion on L£(3'%%%°) at B%U¢. Then, the following

inequality holds for some & between B¢ and 3'2%°:

1
vﬁ(ﬁtrue)T(ﬁlasso _ I@true) 4 5(ﬁlasso _ﬁtrue)TvQﬁ(&)(IBIasso _Btrue) +)\||I81asso||1 S A”ﬁtruenl. (ECl41)

Combining (EC.140) and (EC.141), we know that with probability at least 1 — exp(—Cin), the following

results hold:

A

| | ||I6»Iasso _ true”l < vﬁ(ﬁtrue) (ﬂlasso _ﬁtrue) + A (ngtrueHl _ ||181&sso||1>

A asso rue rue asso rue rue asso

A ' e S A e R (e I 1)) B 1 oA P )
1€ESUSC

We then separately consider i € S and i € S§¢ as follow:

Z [_viﬁ(ﬂtrue)(ﬁ%asso _ 6;51“116) _ )\ (|B’}asso| _ |ﬁ;‘crue>|):|

i€S

< [Ts(B)|_ |8 — gie]| + A g — g (BC.143)
and
D G e R )
BT
< Z (IV£(B™)| = A) 11 <0, (EC.144)

where the last inequality uses [|[VL(8")||o < X in &.
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Combining (EC.142), (EC.143) and (EC.144), we can show that

|:7l1|3 Bl — girue|2 < || Vs £(B ) H | Blasse — true” + | Blasse — true”l

|~A|’<°' I@lasso_ true|| | < Hvsﬁ (8) A

|A| HIBlasw gervell, <4(||Vs£ ﬁtme)Hm_’_)\) (EC.145)
Hﬁlasso _ e, < |1st (IVsL@B™ )| +A), (EC.146)

where (EC.145) uses ||Bi&sse — gure||, < 3||B@sse — Birve||; in (EC.139). Under event &, (EC.146) can be
further reduced to:

24ns
IA\

Now, we assess the probability of event &. The i-th element of VL(8"") is £ >"_, X, f, (R;| X Btrve).

H/@lasso ﬂtruenl < (EC].47)

Under assumptions A.1 and A.4, X, f,(R;| X B""°) are 22, o%subguassian random variables for given

sample X ;. We can use the Hoeffding’s inequality and union bound to build the following probability bound.

T true nt2
nt?
(max < t> >1—2dexp ( ) , (EC.148)

20%27,x
Setting t = %/\, we will have event &, defined in (EC.137) holds with at least probability 1 —2d exp ( %) .
The desirable result directly follows by (EC.146), (EC.147), and (EC.148).

Z f R |XT/8true)

LEMMA EC.3. Under assumptions A.1, A.8, A.4, and A.5, for any feasible x, B; and i € IC, the following
two statements hold.

L BR8] — Bl Rl B] < R0 00 8, = B

2. Moreover, if ||B; — B < min{ L L }, then we have E[R;lx"B;] >

0Zmax ’ 4€0 RmaxTmax
max;; B [R;|lx"B;]+ 2 for i€ K, and E.[R;|x" B;] <max,.; E[R;|xB;] — 1h foricK,.

Proof of Lemma EC.3 To show the part 1. We first expand the left-hand-side as follows.

|Ec[Ri|x ™8]] — E[Ri|" Bi]
oo

+oo
:/ rie*f(rﬂm—rﬁfruc)dri_/ Tie*f(ri\m—rﬁi)dri (EC]_49)
oo 1 T gtrue T g
= / rs (e—f(mz BIN) o= f(rilw m)) dr,| .
“+oo . ’
= / -7, <e*f(m'|w Bi)) CCT(,Bi—ﬁ;"ue)dT (EC].50)
—oo Bi=pre 45
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where (EC.149) uses f being the sample-wise negative log-likelihood loss function and é in (EC.150) is
between 0 and 3; — 8. We then pull 7 (3; — B""¢) out of the integral:
CBT(/BZ _ ﬂz‘yrue)dri

“+o0 . ’
/ . (e—fmlw m))
oo Bi=BIe+5

+o0 /
— mT(IBi_I@true)/ . (e—fmm%,;))

d""i
Bi=Br1e 48

Tmax||Bi — B 1. (EC.151)

oo
< / Tie_f(ri|ZT(ﬂErue+6))fy(ri‘:I:T(ﬂ;rue + 6))d7”1

As we assume |f;(|)| is bounded by ¢ in assumption A.4, (EC.151) is upper bounded by

“+oo
’/ me_f(”'wT(Bzru%&))f;(M:BT(ﬂ;me +0))drs| Tmax1B; — B |1

“+o0
< ‘/ rie 0= BTN | 0| B — B (EC.152)

We then expand term f(r;|z " (B¢ +4)) in (EC.152), and there exists a € between 8™ and 8" + § such
that

+oo
(T (gtrue
/ rie frileT (8] +5))d7“i o.ajmaXHﬂi_ﬂZprueHl
— o0

+oo
= / Tieff(ri\mTﬁgrUe)*f;(riImTﬁ)mTadri O'Imax”,Bi 7ﬁ;rue”1
— 00

+ ’
< / = rie (il T B, (il2 T Ol 11 g | 113, gErve|
=1/ ;
o0
< e~ il B gy, eazmaxHﬁrﬁ,‘{r“e\haxmax||13i — g™, (EC.153)
— 00
=|E [R;|&T Btrue]|eremaxlBi=B 1 g N1Bs — BT (EC.154)

where (EC.153) uses that § is between 0 and 3; — 8™, which implies ||0]|; < ||8:; — 8|1, and (EC.154)
comes from the definition of E.[R;|z"B¢]. Combining E.[R;|x " 3i™°] € (0, Ryax] in assumption A.1 and
(EC.154), we have:

|E[Ri|a B — B[R]z B8] < Runaxe ™12 =2 Nz, )18, — B 1. (EC.155)

To show the part 2. If |3; — B¢||; < —L—, then we can show that

— OZTmax

eazmaxl\ﬁfﬁ?“elll <e. (EC.156)
Combining (EC.156) and (EC.155), we obtain

|]E€[Ri|m—rﬁ:rue] - Ee[Rz|mT/61] SRmaxeazmax“BiiﬁzmeulO—xmaXHIBi - ﬁ;‘cruenl

SRmaxeo—xmax”ﬁi _6§rueH1 (EC].57)

Let j; = argmax;; B [R;|x " B{"°]. We first consider the case with i € K,. Under assumption A.3, for any
x € U;, i € K,, the following inequalities hold:

E.[Ri|lz" 3] > Ec[Ry, |z 87|+ h



ec30

= E[R;|x' B8] — E.[R|x " B;] >E.[R;, |wTﬂ§fue] —E.[R;, |z B),]
+E[R;, |2 B8),] —E[Rilz B +h
= E[Ri|z 8] —E[R; |2 8;,] > — [E[Ri|zT 8] — E[Ri|z" 8;™°)]|
— | B[Ry, |27 B — B[Ry, |27 85,]] + b (EC.158)
If |8 — B¢ < m7 then we have

h
||Rmaxea'xmax(/6i - I@Erue)Hl S Z (EC159)

Combining (EC.157), (EC.158), and (EC.159), we will have

h h
EG[RA:ETB?] - EG[RJ'1|$TIBJ'1} > _Z N Z +h
=E[Ri|z 3] > mnge[lemTﬁj] + g, (EC.160)
VE)

where the last inequality uses j; = argmax;.; E[R;|z " 8{™].
We then consider the case where i € K,. Under assumption A.3, for any suboptimal arm ¢ € IC,, we have
E[Rilx" 8™+ h <E[R;, |z B]"]
= Be[Rila" 8]~ E[Ri|lx’ Bi] + h <E[Ry, [z 85" — Ec[R;, |z B;,]

+E[R;, |z B),] — E[Ri|z" B)]

= E[R;, |2 B),] - E[Ri|z" 8] > —|E[Ri|x " B;"] - E[Ri|z " B]]
— B[R, |z 85" - E[R;, |z B;,][ +h

> R, |27 8,,] - E.[R|z 8] >~ gh— fhth

= E[RJ2" 8] <ER, |0 B,] - sh=maxE,[R,[z"8,] - 1

where the second-to-last inequality uses (EC.157) and (EC.159).

LEMMA EC.4. Let o be a positive number. When x > max{3a~tloga™1,0}, we have ax >logx.

Proof of Lemma EC.J Let f(z)=az —logz. We first prove that for the case where a < e™!, f(z) is
non-negative for z > max{3a~!loga~!,0} via solving the following equation:

exp(ax)

ar—logr =0« =l zexp(—azx)=1& —azrexp(—axr) = —q, (EC.161)

whose non-negative solution is x = —a~'W_;(—«) where W_; (-) is the Lambert W function. Combining this
result with the monotonicity of f(z), we have f(z) >0 for all x > —a™'W_;(—«). Next, we will show that
—a 1W_(—a) <max{3a~tloga~t,0}. By setting u = —loga — 1 in Theorem 1 of Chatzigeorgiou (2013),

we have

W_y(—e~(Flega=D=1)y> 1 /2(—loga—1) — (—loga — 1)
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=W (—a) > —y/2(—loga—1) +loga
=W_i(~a)>—2y/~loga+loga
= —a 'W_i(—a)<a ' (2y/~loga —loga)

= —a 'W_i(~a) < -3a"tloga=3a"tloga™t <max{3a 'loga~',0}, (EC.162)

where the last inequality uses —loga > loge =1 when a < e~!. Therefore, we have f(x) >0 for all x >
max{3a~!'loga™!,0}.

Next, we consider the case where a > e~!. We can verify that f(x) is convex with the minimum value
(1+loga). If a > e 1, then f(z) is non-negative, which implies that ax > logx for all > 0. Finally, the

—1 -1

lemma follows directly by combining both the o < e™! case and the a > e~! case.
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EC.3.

In this section, we conduct sensitivity analyses for input parameters (i.e., a, A1 9, A2,0, h, to) in the G-MCP-

Appendix: Sensitivity Analyses

Bandit algorithm and the upper-bound for significant covariates dimension (i.e., s). In particular, we will
hold the baseline case, where d =50, s =10, \y = Ay 0=1, h=1,t, =4, a=0.1, and k = 2, largely unchanged
while varying one of a € {0.005,0.1,2}, A=X; = Ag0 € {0.05,0.8,1}, h € {0.25,0.5,2}, to € {0.3,0.5,1}, and
s €{3,4,5}. For each sensitivity analysis, we perform 100 trials and report the average cumulative regret for

the G-MCP-Bandit algorithm up to 1000 users.

Figure EC.1 Sensitivity analysis, where d =50, s =10, \i = X20=1, h=1, to =4, a=0.1, and k=2 as the
baseline.
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(c) Influence of h (d) Influence of to (e) Influence of s

We observe that the cumulative regret for the G-MCP-Bandit algorithm is robust with respect to the
choices of its input parameters. Specifically, in Figure EC.1(a), (b), (c), and (d), the cumulative regret
remains largely unchanged, when we vary the G-MCP-Bandit algorithm’s input parameters (i.e., a, A1, Az,
h, to). Furthermore, we find that the cumulative regret exhibits a non-monotonic pattern with respect to
these input parameters changes and that the cumulative regret seems to be minimized for the median values
of these parameters in EC.1(a), (b), (c), and (d). Hence, despite the mild improvement in the cumulative
regret, actively tuning parameters may continue to be beneficial for decision-makers in practice.

At last, Figure EC.1(e) reports the influence of the upper bound for the significant covariates dimension (s)
on the cumulative regret performance. In particular, we observe that the cumulative regret is monotonically

increasing in s. Note that decreasing s suggests a higher sparsity level and a smaller number of significant
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covariates. Hence, as expected, with less non-zero parameters needed to be estimated, the G-MCP-Bandit

algorithm will have better estimation accuracy, which in turn improves its regret performance.

EC.3.1. The Knowledge of the Sparsity Level s
To establish the G-MCP-Bandit algorithm’s regret upper bound, some input parameters may need to be

144s

selected based on the sparsity level s. For example, the parameter a is chosen to ensure the condition a > ==
holds in Proposition 1 and Theorem 1. Such a selection condition is standard in the high-dimensional statistics
literature (e.g., Corollary 4 and Corollary 6 of Fan et al. 2014b and Lemma 5.3 of Wang et al. 2014) and the
high-dimensional bandit literature (e.g., Proposition 1 of Bastani and Bayati 2020). In practice, however,
decision-makers may not know the sparsity level s, especially without sufficient data at the beginning.
Therefore, in this subsection, we will investigate the question of if decision-makers don’t know the sparsity
level s, then how the suboptimal parameter selection will influence G-MCP-Bandit’s regret performance.
In particular, we use § to represent decision-makers’ guess or estimation of the true sparsity level s.
Without knowing the true s value, decision-makers will tune the G-MCP-Bandit algorithm’s parameters by
using their estimated sparsity level 5. In Figure EC.2, we report five linear two-armed bandit experiments®, in
which the covariate dimension d =100 and the true sparsity level s € {5, 20, 30,40, 50}. For each experiment,
we perform 30 trials and report the average cumulative regret of five G-MCP-Bandit algorithms® that are
tuned by using/assuming § =5, 20, 30, 40, and 50, respectively”. Therefore, in each experiment, only one
G-MCP-Bandit algorithm’s parameters are tuned by the true sparsity level s, and the other remaining four
G-MCP-Bandit algorithms used the suboptimal parameters tuned by the wrong estimated sparsity level s.
We observe that the G-MCP-Bandit algorithm’s cumulative regret will be minimized when it is tuned
by using the correct sparsity value (i.e., if § =s). For example, in Figure EC.2(a), where the true sparsity
level s =5, the G-MCP-Bandit algorithm will have the lowest cumulative regret, if it was tuned by using
§ =75 (see the blue line with asterisk marks). In addition, we find that the larger the distance between §
and s, the worse the G-MCP-Bandit algorithm will perform. And, the regret differences among the G-MCP-
Bandit algorithms tuned by different § values tend to be narrowed as the true sparsity level s increases. The
regret differences among G-MCP-Bandit algorithms tuned by different § values highlight the importance of
accurately estimating s. Therefore, to improve the G-MCP-Bandit algorithm’s performance, decision-makers
should, whenever possible, (1) use their earlier experience or data previously obtained from similar scenarios
to improve the accuracy of estimating the sparsity level and (2) dynamically adjust the tuning parameters
for the G-MCP-Bandit algorithm, when more data become available to support a better estimation of the s

value.

5 Other experiments exhibit similar pattern and therefore are omitted.

% The Lasso-Bandit algorithm also requires the knowledge of the sparsity level to tune parameters, and therefore its
cumulative regret performance depends on the estimated sparsity level §. In our experiments, we observe that the
G-MCP-Bandit algorithm continues to outperform the Lasso-Bandit algorithm, if both were tuned under the same
§. In addition, as the impact of the estimated sparsity level § on the Lasso-Bandit algorithm is nearly identical to
that on the G-MCP-Bandit algorithm, we omit the Lasso-Bandit algorithm for better clarity in the figure.

" We also tried § value that is higher than 50, but the cumulative regret performance for cases with § > 50 is very
close to the § =50 case and therefore will be omitted to avoid duplication.
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Figure EC.2 The influence of unknown s, where parameters for the G-MCP-Bandit algorithm are optimally tuned

by assuming decision-makers’ estimated sparsity levels to be §=5,20, 30,40, and 50.
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REMARK EC.1. To theoretically remove the dependence of parameter a on the sparsity level s, we will
need to revise the existing assumption for a stronger version or introduce new assumptions. The dependence
of a on s comes from the proof of Proposition 3, in which we want to ensure the penalty weight w; for
i € 8¢ to be positive. According to (EC.16), we must set a = O(s). One way to break such a dependence is
to further separate S¢ into two subsets Sz and Sy. We then count the index in §¢ with small enough penalty
weight in S3 and Sy = 8¢/S3. As the element in Sz indicates that the magnitude of the Lasso estimator is
large while the ground truth is 0, it will happen with low probability. Thus, the cardinality of Sz will not be
large. In fact, we can prove that |S3| < s under some additional mild conditions. Then, by setting S=8US?
and S¢ = 8%, for all i in S¢, the penalty weights will be large enough. Therefore, if we can further introduce
a stronger restricted eigenvalue condition so that = |ug||7 <uE[V?L(£)]u holds for the index set S with
|$ | <2s, the proof of Proposition 3 will be able to be established without a dependence on s.

The knowledge of the s value in A\; and Cy can be resolved by replacing s with §v/log?, where 5 is a guess
or estimation on s. In our setting, s is defined as an upper bound for the cardinality of the significant index

sets for all arms, so our analysis works for the setting with an over-estimation on s. If we set s = §/logt
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in the algorithm, for a large enough ¢, we will enter the over-estimating scenario and be able to recover the
desired statistical properties of our algorithm, even when the initial parameter § is incorrectly specified to
be small. However, the regret during the initial time periods may suffer as a result. We exclude the proof for
brevity.

We can also remove the dependence on s by introducing additional assumptions on covariates diver-
sity /balance from the nearly exploration-free bandit literature (e.g., Assumption 3 in Bastani et al. 2021
and Assumption 6 in Oh et al. 2021). With these assumptions, we can directly ensure that Proposition 6
holds even without enough random samples or with a wrong construction for the optimal decision set II; in
the G-MCP-Bandit algorithm. The intuition is that by introducing these assumptions, we can ensure that
all dimensions are explored with a nearly equal chance so that the MCP estimator under 2sWL will have a
high probability to reach S; =S. Therefore, even if we use wrong Cy and A; from under-estimating s, the

desirable regret bounds will continue to hold.
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EC.4. Appendix: Additional Experiments on Tencent dataset
In this section, we extend the Tencent search advertising experiments in §6.2 by considering the impacts of
a large number of ads and the robustness of the G-MCP-bandit algorithm under the model misspecification,

where the underlying reward function is not within the family of GLMs.

EC.4.1. The impact of a large number of ads

In this subsection, we expand the Tencent search advertising experiment to understand the impacts of a
large number of ads. To be able to accurately estimate the true parameter vectors for the oracle policy, it is
necessary to include ads with large session entries in all experiments. Hence, we first rank all ads that have
CTR higher than 1% by their frequencies and then pick the top 10, 100, and 1000 ads for three experiments.
The ads with the lowest frequency in these three experiments (i.e., K =10, K =100, and K = 1000) have
188997, 28954, and 2235 session entries, respectively, to provide estimations for parameter vectors under the
oracle policy with reasonable accuracy. The reward for each clicked ad is initialized at the beginning of each
experiment and randomly assigned to be $1, $5, or $10 with equal probability.

First, as expected, we observe that the computational time increases in the number of ads and the number
of users. In particular, with the Intel Xeon Platinum 8163 CPU (2.50GHz, 7 cores), the average computational
time (in seconds) for the G-MCP-Bandit algorithm to complete 20,000 users is 203 for K = 10, 226 for
K =100, and 349 for K =1000. When the number of users is increased to 40,000, the average computational
time will increase to 583, 661, and 1375 seconds, respectively. Similar to §6.2, we benchmark the G-MCP-
Bandit algorithm to OFUL, OLS-Bandit, Lasso-Bandit, the random policy, and the oracle policy. For each
experiment, we perform 10 trials for each algorithm and report the average revenue with up to 50,000 users.

Similar to the three-ad experiment in §6.2, we observe that the G-MCP-Bandit algorithm outperforms
other algorithms in terms of the average revenue performance; see Figure EC.3. When the number of ads is
comparatively small (e.g., K =10), it does not need many users for all algorithms to identify the significant
covariates and/or to estimate parameter vectors to eventually select the optimal ads for incoming users.
Hence, the revenue improvement of the G-MCP-Bandit algorithm over other algorithms is most significant
when the number of users is not too large. For example, when T < 10000, the revenue improvement of
the G-MCP-Bandit algorithm over Lasso-Bandit is around 3% — 4%. As the number of users increases, all
algorithms eventually learn to accurately estimate parameter vectors to identify the revenue-maximizing ads.
Therefore, the average revenue performance of all algorithms begins to converge.

As the number of ads increases (e.g., K =100 and K = 1000), accurately learning the parameter vectors
and identifying the optimal ad require more users, which is where the G-MCP-Bandit algorithm shines the
most. In particular, we observe that the revenue improvement of the G-MCP-Bandit algorithm over other
algorithms tends to grow with the number of ads. Figure EC.4 plots the percentage revenue improvement
of the G-MCP-Bandit algorithm over other benchmarking algorithms by fixing T"= 5000, 7" = 20000, and
T = 50000. In all three scenarios, the benefits of the G-MCP-Bandit algorithm increase with the number
of ads. This observation suggests that the G-MCP-Bandit algorithm becomes more favorable in practice,

especially when there are large pools of available ads for decision-makers to choose from.
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Figure EC.3
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Robustness under model misspecification
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In §6.2 and Appendix EC.4.1, we have examined the robustness of the G-MCP-Bandit algorithm under

the model misspecification, where all algorithms assume the linear model, but the true underlying reward

function actually follows the logistic model. Under such a misspecified setting, the G-MCP-Bandit algorithm

under the linear model outperforms all other algorithms in terms of average revenue performance.

In this subsection, we conduct another experiment to further test the robustness of the G-MCP-Bandit

algorithm under the model misspecification, where the true underlying model does not belong to the GLMs

family. In particular, we consider the scenario where the true underlying model follows the form of a two-

component Gaussian Mixture Model (GMM), which does not belong to the GLMs family. Theoretically,

GMM has better representation power than GLMs, and for the Tencent dataset, it actually fits the Tencent

data better® than both the linear model and the logistic model. Analogous to Figure 3 in the main paper,

8 We train the GMM model with around three hundred covariates with the highest frequency.
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we consider the same three-ad experiment. For each algorithm, we perform 10 trials and report the average

revenue with up to 5000 users in Figure EC.5.

Figure EC.5  The robustness of the G-MCP-Bandit algorithm under the model misspecification, where the true

underlying model follows a two-component Gaussian Mixture Model.
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Consistent with all previous experiments, Figure EC.5 shows that the G-MCP-Bandit algorithm, under
both the linear model and the logistic model, continues to outperform other algorithms in terms of average
revenue performance. In addition, we observe that all algorithms in Figure EC.5 seem to generate less average
revenue that what is shown in Figure 3. This observation may be due to the fact that it is much more
difficult to use a GLM model (e.g., a linear or logistic model) to approximate the GMM model than to use
the linear model to approximate the logistic model, so the impacts of the model misspecification on the
average revenue performance are much more severe in Figure EC.5 than in Figure 3. Despite the negative
impacts of the model misspecification, the G-MCP-Bandit algorithm continues to outperform Lasso-Bandit
by 7.30% (under the logistic model) and 4.21% (under the linear model), and such an improvement is even

larger when compared to OLS-Bandit and OFUL-Bandit.



